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Continuous-time flows on quotient spaces
for principal component analysis
P.-A. Absil∗

Abstract
A novel matrix flow for principal or minor component analysis is
constructed. The development is based on decompositions of the
set of full-rank n × p matrices into orbits of Lie group actions.
Key words. Principal component analysis, principal subspace analysis, minor component
analysis, continuous-time matrix flows, quotient spaces, Lie group actions, semidefinite Lyapunov functions, leftmost and rightmost eigenspaces.
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Introduction

Given a symmetric matrix A, a flow on Rn×p is said to have principal subspace analysis (PSA)
properties if the column space of the solution converges to the p-dimensional eigenspace of
A associated with the largest eigenvalues. If moreover the columns of the solution converge
to the p principal eigenvectors of A, i.e. those corresponding to the largest eigenvalues, then
the flow is said to achieve principal component analysis (PCA).
Several continuous-time dynamical systems on matrix spaces (also called matrix flows)
have been proposed in the literature that achieve PSA or even PCA. Interest for studying continuous-time flows stems in part from the work of Ljung [Lju77] and Kushner and
Clark [KC78] relating the behaviour of learning algorithms to the one of associated differential equations; see e.g. Oja and Karhunen [OK85] for an application.
Early analyses of these matrix flows have focused on local stability issues without addressing the problem of global convergence in a mathematically satisfactory way. A breakthrough
came with the analysis by Yoshizawa et al. [YHS01] of the flow
Ẏ = AY N − Y N Y T AY, Y ∈ Rn×p .
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This flow was studied by Brockett [Bro91] in the case where Y belongs to the set of orthonormal n × n matrices; for the choice N = I it yields the well-known Oja flow [Oja89].
Assuming that A is positive definite, Yoshizawa et al. [YHS01] show that (1) is a gradient flow
for a certain cost function on Rn×p endowed with a well-chosen Riemannian metric. Using
L
Ã ojasiewicz’s theorem [Loj84] (or see [KMP00, AMA04]), they show that all solutions of (1)
converge to a single equilibrium point. More recently, Manton et al. [MHM03a, MHM03b]
have proposed a gradient flow that can serve for principal and minor component analysis.
A difficulty with gradient-based approaches, however, is the absence of a systematic procedure to detect whether a flow can be expressed as a gradient flow and to determine the
corresponding cost function and metric.
In this paper, we propose a constructive procedure that yields a matrix flow with PSA
and PCA properties. The technique is to consider two quotients of Rn×p , whose fibers include
all matrices with the same column space and all matrices related by rotations, respectively.
In the first quotient (the “Grassmann manifold”), the objective is to design a flow that
converges to the fiber corresponding to the dominant p-dimensional eigenspace of A; this
guarantees PSA properties. In the second quotient (the “shape manifold”), the objective is
to converge to the fiber of orthonormal matrices; this ensures that Y stays well-conditioned.
As we will show, both objectives can be achieved within the same matrix flow. Moreover, the
remaining degrees of freedom, which correspond to rigid rotations of Y within its column
space, can be controlled in such a way that the columns of Y converge to the dominant
eigenvectors of A; this guarantees PCA properties. The convergence analysis of the flow is
based on semidefinite Lyapunov functions and on the invariance properties of ω-limit sets.
Interestingly, like in [MHM03a] but in contrast to [YHS01], the matrix A need not be positive
definite; the flow converges to the eigenspace of A corresponding the algebraically largest
eigenvalues. As a consequence, the flow can also be applied to −A for minor component
analysis.
The paper is organized as follows. The intertwined structure of quotients is introduced
in Section 2. The Grassmann quotient and the shape quotient are considered separately in
Sections 3 and 4. The remaining degrees of freedom are dealt with in Section 5 and the
global behaviour of the flow is analysed. The results are summarized in Theorem 5.4.
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A geometric structure for matrix flows

In this section we show how a matrix differential equation can be decomposed into three
terms with a specific geometric interpretation. We will then take advantage of this structure
to derive a matrix flow with PSA and PCA properties.
The following definitions and conventions will be used throughout the paper.
Definition 2.1 Let A be a symmetric n × n matrix. Let λ1 ≥ . . . ≥ λn be the eigenvalues of A and let (v1 , . . . , vn ) be a corresponding orthonormal basis of eigenvectors. Let
V = [v1 | . . . |vp ]. Then span(V ), the column space of V , is a p-dimensional invariant subspace
of A corresponding to the eigenvalues of A with largest algebraic value. We call span(V ) a
rightmost p-dimensional eigenspace of A. The matrix A has a unique p-dimensional rightmost eigenspace if and only if λp > λp+1 . Similarly, we define leftmost eigenspaces as those
with algebraically smallest eigenvalues.
2

Let Rn×p
denote the set of full-rank n × p matrices, and let F be a function on Rn×p
into
∗
∗
R . Consider the matrix differential equation
n×p

Ẏ (t) = F (Y (t)).

(2)

We will assume throughout this paper that for all initial conditions Y (0) ∈ R∗n×p , the differential equation (2) has one and only one solution curve Y (t) in Rn×p
, t ∈ [0, +∞).
∗
The ultimate goal of PCA is to choose F such that Y (t) converges (up to sign changes) to
the matrix V defined in Definition 2.1. A key point for this paper is to notice that this goal is
reached if the following three conditions hold together: (i) the column space of Y converges
to the rightmost eigenspace of A; (ii) Y converges to the set of orthonormal matrices; (iii)
Y T AY converges to the set of diagonal matrices with nonincreasing entries.
With the intention of considering these three properties separately, we decompose (2) as
follows:
Ẏ = F (Y ) ≡ WY + Y (Y T Y )−1 SY + Y (Y T Y )−1 ΩY
(3)
where WY is orthogonal to Y (i.e. Y T WY = 0), SY is symmetric (SYT = SY ) and ΩY is skewsymmetric (ΩTY = −ΩY ). The purpose of the subscripts “Y ” is to denote the dependency
on Y ; when possible, they will be omitted for simplicity. The decomposition (3) always
exists and is unique; it is easily checked that W = ΠY⊥ F (Y ), S = sym(Y T F (Y )) and
Ω = skew(Y T F (Y )), where
ΠY⊥ = I − Y (Y T Y )−1 Y T
(4)
is the orthogonal projector onto the orthogonal complement of the column space of Y , and
sym(A) = (A + AT )/2 and skew(A) = (A − AT )/2 denote the symmetric and the skewsymmetric parts in the decomposition of a matrix.
The three terms in (3) produce specific actions on the “span” and the “shape” of Y . The
span, or column space, of Y is the linear subspace spanned by the columns of Y , namely
span(Y ) := {Y m : m ∈ Rp }; two matrices Y1 and Y2 of Rn×p
have the same span if and only if
∗
there exists an (invertible) matrix M such that Y2 = Y1 M . We say that two matrices Y1 and
Y2 have the same shape if they are related by a rotation, namely, there exists an orthogonal
matrix U such that Y2 = U Y1 . It is possible to show that the terms Y (Y T Y )−1 SY and
Y (Y T Y )−1 ΩY in (3) do not alter the span of Y , and that the terms WY and Y (Y T Y )−1 ΩY
do not modify the shape of Y . Therefore, the term W in (3) controls the evolution of the
span of Y , the term Y (Y T Y )−1 S determines the evolution of the shape of Y , and the term
Y (Y T Y )−1 Ω controls the remaining degrees of freedom which correspond to rotations that
do not modify the span. See illustration on Figure 1.
The principle of our design is as follows: (i) Choose W such that the span of Y converges
, independently of
to the rightmost eigenspace of A, for almost all initial condition in Rn×p
∗
S and Ω. (ii) Choose S such that the shape of Y converges to the orthonormal shape, for
, independently of W and Ω.
all initial condition in Rn×p
∗
The natural third condition would be to choose Ω such that Y T AY converges to the
set of diagonal matrices, independently of W and S. Then the combination of the three
terms would directly yield a PCA flow. Unfortunately this goal is not achievable: the
distribution generated by W and Y (Y T Y )−1 S is not integrable and moreover the set {Y ∈
: Y T AY is diagonal} has a very complicated structure. Nevertheless, in view of the
Rn×p
∗
3
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Figure 1: Illustration of the intertwined quotient structures on Rn×p
.
∗
choices made for W and S, Y approaches the set V Op of orthonormal matrices that span the
rightmost eigenspace of Y . Therefore, we will do the following: (iii) Choose Ω such that for
almost all initial condition in the set V Op of orthonormal matrices spanning the rightmost
eigenspace of A, Y converges to V up to sign changes. Convergence results for the flow on
all of Rn×p
are then obtained using the theory of semidefinite Lyapunov functions and the
∗
properties of invariant sets (see Theorem 5.4).
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Flows on the Grassmann manifold

In this section, we consider task (i) presented in the previous section, i.e. choosing W in (3) so
that the span of Y converges to the rightmost eigenspace of A, for almost all initial condition
in Rn×p
, independently of S and Ω. This section and the next ones use basic notions of
∗
differential geometry, Lie groups and dynamical systems; the necessary background can be
found e.g. in [Boo75], [DK00] and [Kha96].
Let Grass(p, n), called the Grassmann manifold, denote the set of p-dimensional subspaces
in Rn . Let ϕFt Y0 denote the unique solution of (3) with the initial condition Y (0) = Y0 ; ϕF
is called the flow of F . We say that (the flow of) F induces a flow on Grass(p, n) if the
following condition holds:
span(Y1 ) = span(Ŷ2 ) ⇒ span(ϕFt Y1 ) = span(ϕF̂t Ŷ2 ),

(5)

. More generally, F and another function F̂ induce one
for all t ≥ 0 and all Y1 , Y2 ∈ Rn×p
∗
and the same flow on Grass(p, n) if
span(Y0 ) = span(Ŷ0 ) ⇒ span(ϕFt Y0 ) = span(ϕF̂t Ŷ0 ),
4

(6)

for all t ≥ 0 and all Y0 , Ŷ0 ∈ Rn×p
.
∗
Theorem 3.1 Let F be decomposed as in (3). Then the flow of F induces a flow on the
Grassmann manifold if and only if
WY M = WY M

(7)

for all Y ∈ Rn×p
and all M ∈ Rp×p
∗
∗ . Let
F̂ (Y ) ≡ ŴY + Y (Y T Y )−1 ŜY + Y (Y T Y )−1 Ω̂Y

(8)

be the same decomposition for F̂ . Then F and F̂ induce one and the same flow on Grass(p, n)
if and only if (7) holds and
WY = ŴY
(9)
for all Y ∈ Rn×p
.
∗
Note that these conditions involve neither S nor Ω; if F induces a flow on Grass(p, n), then
this flow is independent of S and Ω.
Our proof of Theorem 3.1, see [AMS04a], is based on the fact that Grass(p, n) is the
quotient Rn×p
/ψ1 of Rn×p
by the Lie group action
∗
∗
ψ1 : GLp × Rn×p
→ Rn×p
: (M, Y ) 7→ Y M
∗
∗
where GLp := Rp×p
is the general linear group. The orbits of the group action ψ1 comprise
∗
all the matrices with the same span (see e.g. [AMS04b] for details).
Now take
WY := ΠY⊥ AY
(10)
where A is as in Definition 2.1 and ΠY⊥ is defined in (4). It is easily checked that W satisfies
condition (7). Therefore, in view of Theorem 3.1, the dynamical system
Ẏ = F (Y ) ≡ ΠY⊥ AY + Y (Y T Y )−1 SY + Y (Y T Y )−1 ΩY ,

(11)

SYT = SY , ΩTY = −ΩY , induces a flow on Grass(p, n) which depends neither on S nor on Ω.
It remains to show that this Grasmmann flow has PSA properties. To this end, consider
the Rayleigh quotient cost function f (Y ) = trace((Y T Y )−1 Y T AY ). It defines a cost function
on Grass(p, n). The flow on Grassmann induced by (11) is the gradient ascent flow of f with
respect to the canonical metric on Grassmann; see [HM94]. Since the Grassmann manifold
is compact, it follows from L
Ã ojasiewicz’s theorem [Loj84] (which admits a generalization on
Riemannian manifolds, see Lageman [Lag02]) that the flow on Grass(p, n) converges to an
eigenspace of A. Moreover, the rightmost eigenspace of A is the only one to be stable, as
the others are saddle points or minima of f . This rationale leads to the following result.
Lemma 3.2 Consider the dynamics (11) where A is a fixed n × n symmetric matrix. Then
the span of Y converges to an eigenspace of A. Only the rightmost eigenspace of A (see
Definition 2.1) is stable.
5

4

Flows on the shape manifold

We now consider task (ii) presented in Section 2, namely, choose S in (3) such that the shape
of Y converges to the orthonormal shape, for all initial condition in R∗n×p , independently of
W and Ω.
This task is tackled much as task (i). Consider the Lie group action
ψ2 : On × Rn×p
→ Rn×p
: (U, Y ) 7→ U Y
∗
∗
where On = {U ∈ Rn×n : U T U = In } is the orthogonal group. The orbits of this group action
correspond to all the full-rank n × p matrices with same shape, i.e. related by rotations. The
/ψ2 . We say that F and F̂ induce one and the same flow
shape manifold is the quotient Rn×p
∗
on the shape manifold if the following condition holds:
Ŷ0 = U0 Y0 , U0 ∈ On ⇒ ∀t ≥ 0 : ∃Ut ∈ On : ϕF̂t Ŷ0 = Ut ϕFt Y0 .

(12)

Theorem 4.1 Let F be decomposed as in (3). Then the flow of F induces a flow on the
shape manifold if and only if
SU Y = SY
(13)
for all Y ∈ Rn×p
and all U ∈ On . Let F̂ be decomposed as in (8). Then F and F̂ induce one
∗
and the same flow on Grass(p, n) if and only if (13) holds and
SY = ŜY

(14)

for all Y ∈ Rn×p
.
∗
Note that these conditions only involve S, and neither W nor Ω.
Now consider the choice
SY := Ip − Y T Y.

(15)

It satisfies condition (13). Therefore, in view of Theorem 4.1, the dynamical system
Ẏ = F (Y ) ≡ WY + Y (Y T Y )−1 (Ip − Y T Y ) + Y (Y T Y )−1 ΩY ,

(16)

Y T WY = 0, ΩTY = −ΩY , induces a flow on the shape manifold which does not depend on W
and Ω. To see that the flow (16) converges to the set of orthonormal matrices for all initial
, consider the function v := kI − Y T Y k2F := trace((I − Y T Y )(I − Y T Y ));
condition in Rn×p
∗
one obtains v̇ = −4v, hence v(t) converges exponentially to zero independently of the initial
condition Y . We have thus shown the following:
Lemma 4.2 Let A be a symmetric n × n matrix. Let Y (t) be the solution of (16) with
. Then Y (t) approaches the set of orthonormal matrices as t → +∞.
Y (0) = Y0 ∈ Rn×p
∗
6
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A new PCA flow

It follows from the two previous sections that the flow
Ẏ = F (Y ) ≡ ΠY⊥ AY + Y (Y T Y )−1 (Ip − Y T Y ) + Y (Y T Y )−1 ΩY ,

(17)

ΩTY = −ΩY , satisfies properties (i) and (ii) put forward in Section 2. That is, the solution
Y (t) of (17) approaches the set of orthonormal matrices that span the rightmost eigenspace
of A (unless Y (t) converges to an unstable set).
The remaining degrees of freedom in Ω correspond to motions along the intersections of
the orbits of ψ1 and ψ2 , which are orbits of
ψ3 : Op × Rn×p
→ Rn×p
: (Q, Y ) 7→ Y (Y T Y )−1/2 Q(Y T Y )1/2 .
∗
∗

(18)

Consider the choice
Ω := [Y T AY, N ]

(19)

N := diag(p, . . . , 1).

(20)

Ẏ = F (Y ) ≡ ΠY⊥ AY + Y (Y T Y )−1 (Ip − Y T Y ) + Y (Y T Y )−1 [Y T AY, N ].

(21)

where [B, C] = BC − CB and
This yields the dynamical system

The convergence results for (21) are given in Theorem 5.4 and are based on a few lemmas.
The result below is a consequence of the behaviour of the double bracket flow; see
e.g. [HM94, 2.1].
Lemma 5.1 Let A, λ1 , . . . , λn , v1 , . . . , vn and V be as in Definition 2.1. Assume that λ1 >
. . . > λp+1 . Consider the dynamics (21) with N = diag(p, . . . , 1). Then V Op := {V Q : Q ∈
Op } is an invariant set with respect to (21). Consider (21) restricted to V Op . For all initial
condition, Y (t) converges to a matrix W of eigenvectors of A, i.e. W = V P where P is a
signed permutation matrix. The equilibrium point W is (asymptotically) stable conditionally
to V Op if and only if W = V diag(±1, . . . , ±1).
We now consider the dynamics (21) and show that V diag(±1, . . . , ±1) is stable on all
of Rn×p
, and not only conditionally to V Op . The proof is based on semidefinite Lyapunov
∗
functions; see [IKO96] or [SJK97, Section 2.3.2].
Lemma 5.2 Let A, V , λ1 , . . . , λn , v1 , . . . , vn and N be as in Lemma 5.1. Then V is asymp.
totically stable for the dynamics (21) in Rn×p
∗
Proof. Consider
v(Y ) =

p
X

λi − trace((Y T Y )−1 Y T AY ) + trace((I − Y T Y )(I − Y T Y )).

i=1

One shows that
and v(V ) = 0.
(i) v(Y ) ≥ 0 for all Y ∈ Rn×p
∗
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(22)

(ii) v̇(Y ) ≤ 0 for all Y ∈ R∗n×p .
(iii) V is asymptotically stable conditionally to {Y ∈ R∗n×p : v̇(Y ) = 0}.
The conclusion comes from the theory of semidefinite Lyapunov functions, in particular [IKO96,
corollary 1].
¤
Finally, we need a technical result about the limit sets of trajectories of dynamical systems. By definition (see e.g. [Kha96]), the ω-limit set of a trajectory x(t) is the set of points
p for which there exists a sequence {tn }, with tn → +∞ as n → +∞, such that x(tn ) → p
as n → +∞.
Lemma 5.3 Suppose that
ẋ = f (x)

(23)
n

has one and only one solution x(t) for all t ≥ 0 with initial condition x(0) = x0 ∈ R . If x̄
is a stable point for (23) and x̄ belongs to the ω-limit set L+ (x0 ) of x(t), then L+ (x0 ) = {x̄},
i.e. x(t) converges to x̄.
Proof. Let ² > 0. By the definition of stability, there exists δ > 0 such that if x(t∗ ) ∈ Bδ (x̄)
then x(t) ∈ B² (x̄) for all t ≥ t∗ . Since x̄ ∈ L+ (x0 ), there exists t∗ such that x(t∗ ) ∈ Bδ (x̄).
In conclusion, there exists t∗ such that x(t) ∈ B² (x̄) for all t ≥ t∗ . This means that x(t)
converges to x̄.
¤
We are now ready to state the main result of this paper:
Theorem 5.4 Let A be an n × n symmetric matrix with eigenvalues λ1 ≥ . . . ≥ λn and
associated orthonormal eigenvectors v1 , . . . , vn . Let V = [v1 | . . . |vp ]. Let N = diag(p, . . . , 1).
Consider the dynamics
Ẏ = ΠY⊥ AY + Y (Y T Y )−1 (Ip − Y T Y ) + Y (Y T Y )−1 [Y T AY, N ]

(24)

with full-rank n × p initial condition Y (0) = Y0 ∈ Rn×p
and ΠY⊥ defined as in (4). Then
∗
(i) Y (t)T Y (t) → Ip as t → +∞.
(ii) The flow (24) induces a subspace flow, i.e. span(Y (t)) only depends on span(Y (0)).
(iii) There exists and eigenspace S of A such that span(Y (t)) → S as t → +∞.
(iv) The eigenspace S is asymptotically stable for the induced subspace flow if and only if it
is the unique p-dimensional rightmost eigenspace of A (see Definition 2.1). S is unstable if
it is not a rightmost eigenspace of A.
Now assume that λ1 > . . . > λp+1 .
(v) The set V Op = {V Q : QT Q = Ip } is invariant with respect to (24). If the initial
condition Y0 is in V Op , then Y (t) converges to an orthonormal matrix Ṽ whose columns
are eigenvectors of A. The equilibrium point Ṽ is stable conditionally to V Op if and only if
Ṽ = V diag(±1, . . . , ±1).
(vi) Let W1 be the set of initial conditions Y0 ∈ V Op such that Y (t) converges to a matrix
V diag(±1, . . . , ±1) and let W2 be the complement of W1 in V Op . If span(Y (t)) converges
to the rightmost eigenspace (generic case) then, either L+ (Y0 ) ⊆ W2 , or Y (t) converges to a
V diag(±1, . . . , ±1).
Proof. Only (v) still needs to be proven. Assume that L+ (Y0 ) * W2 . Then there exists
Y∗ ∈ W1 ∩ L+ (Y0 ). Say L+ (Y∗ ) = {V } without loss of generality. Since L+ (Y0 ) is invariant
and L+ (Y0 ) 3 Y∗ and L+ (Y∗ ) = {V }, it follows that V ∈ L+ (Y0 ). In view of Lemma 5.2, V
is stable for the dynamics (24). It then follows from Lemma 5.3 that Y (t) → V .
¤
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6

Conclusion

Using an approach based on quotient spaces and semidefinite Lyapunov functions, we have
constructed the matrix flow (24) with principal and minor component analysis properties.
Detailed convergence results have been presented in Theorem 5.4.
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