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Ernst

@ Contact info:
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About the tutorial

@ Once a week, after theory
@ Max 2h

@ Slides in English but given in French
@ Structure

o A reminder if need be
o One exercise together
e For other exercise, you try then we discuss the solution
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Propositional calculus: formal language to determine the truth values of
propositions.

Syntax: Define the structure of propositions

Propositions:

@ Atoms or atomic propositions.
Expl:

e s: the sun is shinning
e r: the rain is falling

@ Formulas or compound propositions = atoms + boolean connectives.
Expl:

e A: the sun is shinning or the rain is falling > A= s v r



More formally, a formula of propositional calculus is a symbol string
generated by the grammar

formula ::= p,¥p € P (i.e a set of atoms)

formula ::= true|false

formula ::= —formula

formula ::= (formula op formula)
opi=Vv|Aa|=]=|<«
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Semantics: Assigning truth values to propositions

Interpretation (/Valuation)

An interpretation or valuation v is a function assigning a truth value, T or
F, to a proposition.

Remark: 'true’ vs 'T'

@ 'true’ — syntactic

@ 'T" — semantic
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For a formula A built from the atoms {p, ..., pn}, v assigns a truth value
to each atom and the truth value of A is then assigned according to the

following inductive rules:
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Truth tables allows to test different valuations in a structured way.
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Satisfiability (consistency)
@ A valuation v of formula A is a model of Aif v(A) =T
o A is satisfiable or consistent if A has at least one model.

@ A is unsatisfiable or inconsistent if there exist no valuation v that is
a model of A.
Expl: Joe is strong and Joe is not strong.

Validity

e Ais valid, or a tautology, if v(A) = T for all possible valuations v.
Expl: Joe is strong or Joe is not strong.

o Notation: = A

@ Ais valid if and only if its negation —A is unsatisfiable.



Formula sets

Let S be a set of formulas {A, ..., An}.
@ A valuation v of S is a model of S if it is a model of all formulas in S
@ S is satisfiable or consistent if S has at least one model.

@ The models of the finite set S = {A1, ..., A,} are the models of the
conjunction Aj; A ... A Aj

Expl: S = {Joe is strong, Joe is intelligent, Joe is funny}

Logical consequence

@ A formula A is a logical consequence of a formula set S if every
S — model is an A — model
o Notation: S A

Expl: {Joe is strong, Joe is intelligent, Joe is funny} = | don't like
Joe.

@ Remark on |= A: A formula is valid iff it is a logical consequence of
the empty set.



Logical consequence (bis)

Let A be a formula and S = {Aq, ..., Ap} be a formula set, the followings
are equivalent:

QSEA
@ S u {—A} is inconsistent
Q@ AiA...AA,= Aisvald

Q@ A1 A ... A A, A —Ais inconsistent

Logical equivalence

@ Two formulas A; and A; are logically equivalent if they have the
same models.

@ Notation: A; «—— As
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Exercise 1

Exercise 1
Give the truth table of the following formula:

G (p=q)=[(-p=q)=dq]

What conclusions can you make?
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Exercise 1 - Solution

G=(p=q)=I[(—p=¢q) =4q]

First step: decompose the formula into columns

p qlp=q|-p|-p=q|(-p=9=q|GC

12 /29



Exercise 1 - Solution

G (p=q)=[(~p=q)=dq]

p qlp=q|-p|-pP=q|l(-p=q9=q|G
T T T | F T T T
T F| F F T F T
F T T |7 T T T
FF| T | T F T T

This formula is valid, as it is always true (i.e. true for every possible
model).
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Exercise 2

Exercise 2
Give the truth table of the following formula:
G = (p=true) = [(—p A q) = true]

What can you say about the formula (—p A q) = true?
Is G valid, inconsistent or consistent?
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Exercise 2 - Solution

G = (p=true) = [(—p A q) = true]

‘p true‘ﬂp/\q‘(ﬂp/\q)zwcrue‘

m T4 Ho
m 4 T e
o B s B | N

T T
F T
F T
T T

M4 T

The formula G is valid as it is true for every model.

The formula (—p A g) = true is also valid. An implication evaluates to
true if either the antecedent is F or if the consequent is T. In this case, the
consequent, 'true’, is always T, hence the formula is valid.
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Exercise 3

Exercise 3

Giving a truth table of a formula consists in enumerating all possible
interpretations over the atoms of said formula.

©@ How many lines are in a truth table?

@ How many non-logically equivalent formulas can be constructed using
a set of n atoms?

16 / 29



Exercise 3 - Solution

@ If there are n atoms in the formula, the truth table will have 2" lines.

Indeed, each atom can be evaluated at either T or F, so we have
2% ...%2=2"lines.
-

n

@ There are 22" non-logically equivalent formulas.

We have 2" lines (/valuations) and each of them can lead to a truth
value, either T or F (i.e. value in the last column of the truth table).
As soon as one line leads to a different truth values for two different
formulas, these two formulas are not logically equivalent.
Therefore, the number of non-logically equivalent formulas is
2% ...%2 =22 lines,

2!7
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Exercise 4

Exercise 4
Give the truth table of the following formula:

G=(g=r=[p=q = (p=r)]

What can you say about G?
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This formula is valid.
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Exercise 5

Exercise 5
Give the truth table of the following formula:

G=(pvag)r—pAr—gq

What can you say about G?
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Exercise 5 - Solution

G=(pvag)r—pAr—q

p q|l-p|—-q|pvg|G
T T| F | F | T [F
T F|F | T| T |F
FTIT|F| T |F
F FIT| T| F |F

This formula is inconsistent as it admits no model.
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Exercise 5 - Remarks

Easy to show that G is inconsistent without truth table. Indeed, by De
Morgan algebraic law,

—pA—q— —(pvQq)

So no there is no valuation that is a model of both —p A —g and (p v q)
and therefore G is inconsistent.
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Exercise 6

Exercise 6

If Robinson is elected president, then Smith will be designated
vice-president. If Thompson is elected president, then Smith will
designated be vice-president. Either Thompson or Robinson will be elected

president. Therefore Smith will be designated vice-president.

Is this text correct?
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Exercise 6 - Solution

Solution method:

1) Define atoms
@ r: "Robinson is elected president”
@ s : "Smith is designated vice-president”

@ t: "Thompson is elected president”

2) Transform sentences in formulas:

N

H1:r:>s

S
3

=t=s

Hy=tvr
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Exercise 6 - Solution

3) Prove that the sentence is true, i.e. C is a logical consequence of
{H1, H2, Hs}

Reminder, 3 possibilities:
Q@ Prove {Hi,Hy, H3} = C
@ Prove {Hi, Hy, H3, —C} is inconsistent
© Prove Hi A Hy A H3 = C is valid
@ Prove H; A Hy A H3 A —C is inconsistent

We will try case 3 and case 1.
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Exercise 6 - Solution

Method 3:
Show G 2H; A Ho A H3 = C = (r=35) A (t =5) A (t v r) = s is valid.

A. Using a truth table.

r s t|r=s|t=s|tvr|H ArHAH3| G
T T T T T T T T
T T F T T T T T
T F T F F T F T
T F F F T T F T
F T T T T T T T
F T F T T F F T
F F T T F T F T
F F F T T F F T
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Exercise 6 - Solution

B. Using valuation.

Ad absurdum
We need to show that there exist no v such that

v(H1 A Hy A H3 = C) = F. Let's consider that such a valuation exists.
Then:

QO v(ir=s)A(t=s)A(tvr)=s)=F

Q@ v((r=s)A(t=s)A(tvr))=Tandv(s)=F
Q@ v(r=15s)=T and v(s) = F implies v(r) = F

Q v(tvr)and v(r) = F implies v(t) = T

But then we have simultaneously that v(t = s) must be T through 2 and
F as v(s) = F and v(t) = T — Contradiction!

There exist no such valuation and therefore the proposition is valid.
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Exercise 6 - Solution

Method 1
Show {Hl, H2, H3} ’: C.

We need to show that v(C) = T when v(Hy A Ho A H3) = T for every
possible valuation v.

Let v be a valuation such that v(H; A Ho A H3) = T. We therefore have
that V(Hl) = V(Hg) = V(H3) =T.

If v(H3) = T, then v(t v r) = T and we end up with two cases:
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Exercise 6 - Solution

Case 1: v(t) =T

As we have v(Hy) = T, v(t = s) = v(true = s) = T. Therefore, v(s)
must be T and v(C) also.

Case 2: v(r)=T

As we have v(H1) = T, v(r = s) = v(true = s) = T. Therefore, v(s)
must be T and v(C) also.

Conclusion

v(C) = T in all cases so the sentence is true.
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