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Logical equivalence
Let A; and A be two propositions:

@ Two formulas A; and A; are logically equivalent if they have the
same models.

@ Notation: A] «— Ay

Equivalent formulations
QO A< A
Q@ A = A isvalid
Q@ A; = Asisvalid and A, = A; is valid
QO AtEAyand Ay = A



Exercise 1

Exercise 1

Show that (X A Y) = Z et X = (Y = Z) are logically equivalent.
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Exercise 1 - Solution

Let denote by the first formula by A = (X A Y) = Z and the second
formula by B = X = (Y = Z). We have 4 possibilities:

@ Show A < B, i.e. A and B have the same models
@ Show A = B is valid

© Show A = B is valid and B = A is valid

Q Show AE=Band BEA

We will show the solution with method 4 (feel free to try the other at
home).



Exercise 1 - Solution

AEB

Let v be a valuation s.t. v(A) = T. Does it imply that v(B) = T?
We have: v(A) = T implies v(X A Y)=Forv(Z)=T
@ Case 1: v(X A Y) = F implies v(X) = For v(Y) =F
o Case 1.1: v(X) = F implies v(B) = T — OK
o Case 1.2: v(Y) = F implies v(Y = Z) = T which implies v(B) = T
— OK
e Case 2: v(Z) = T implies v(Y = Z) = T which implies v(B) = T
— OK



Exercise 1 - Solution

BEA

Let v be a valuation s.t. v(B) = T. Does it imply that v(A) = T7?
We have: v(B) = T implies v(X) =Forv(Y=2)=T
o Case 1: v(X) = F implies v(X A Y) = F which implies v(A) = T —
OK
o Case 2: v(Y = 2Z) =T impliesv(Y)=Forv(Z)=T

o Case 2.1: v(Y) = F implies v(X A Y) = F which implies v(A) = T —
OK
o Case 2.2: v(Z) = T implies v(A) = T — OK



Exercise 2

Let A, B, X and Y be formulas. If A |= B, what can you say, in general,
about

e C2X=(A=Y)
e D=X=(B=Y)
(CED?DEC? C+< D? No logical consequence?)
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Exercise 2 - Solution

Conclusions:

e C H=D: When v(A) =v(Y)=F and v(B) = v(X) = T, we have
v(C)=T and v(D) = F
e D = C: For every model v for which v(D) =T, v(C) =T

o C»D: CHD
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Exercise 3

Let A, B, X and Y be formulas. If A |= B, what can you say, in general,
about

e Cx2—-(X=AVvY
e Dx=—-(X=B)vY
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Exercise 3 - Solution

CED

Let v be a valuation s.t. v(C) = T. Then v(—(X = A)) =T or
viY)=T
e Case 1: v(Y) =T implies v(D) =T — OK

o Case 2:
o v(—=(X = A)) =T implies v(X = A) = F and thus v(X) = T and
v(A) = F.

e But then we can find v such that v(X) =T, v(A)=F, v(B) =T
which implies v(C) = T but v(D) = F
o Therefore C f= D.
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Exercise 3 - Solution

DEC

Let v be a valuation s.t. v(D) = T. Then v(—=(X = B)) =T or
viY)=T
o Case 1: v(Y) =T implies v(C) = T — OK

o Case 2:
e v(—(X = B)) =T implies v(X = B) = F and thus v(X) = T and
v(B)=F

o A= B and v(B) = F implies v(A) = F
o v(C) =v(=(X=A)vY)=v(—(true = false) v Y) =
v(—false v Y) = v(truev Y) =T

C—D

Noas C k=D

13 /19



Exercise 4

Let A, B, X and Y be formulas. If A |= B, what can you say, in general,
about

e C=X=(A=Y)
e D=X=(B=Y)
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Exercise 4 - Solution

The case where v(X) = F is trivial and leads to v(C) = v(D) = T.
Similarly, when v(A) = T, as A |= B, this implies v(B) = T and the two
formulas have the same truth value whatever the valuation.

Therefore, let's consider the case where v(X) = T and v(A) = F.
Considering v(Y'), we have two possibilities:

Case 1: v(Y) =F
In that case, we directly see that if v(B) = T, then v(C) = T and
v(D) = F which means that C modelsD.

Case 2: v(Y)=T

In that case, we directly see that if v(B) = T, then v(C) = F and
v(D) = T which means that D modelsC

Therefore C «» D
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Exercise 5

Let A, B, X and Y be formulas. If A |= B, what can you say, in general,
about

e C=X=(—-AAY)
e D=X=(-BAY)
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Exercise 5 - Solution

CED

Let v(X)=T,v(Y)=T,v(A) = F,v(B) =T then v(C) = T but
v(D) = F. Therefore C K= D.

)
0

):
Let v be a valuation s.t. v(D) = T. Then v(X) = Forv(=BAY)=T.
e Case 1: v(X) = F implies v(C) = T — OK
o Case 2:
o V(=B AY)=T implies v(Y)=T and v(B) = F
o A= B and v(B) = F implies v(A) = F.
o Thus v(C) = v(X = (A A Y)) = v(X = (—false A true)) = v(X =
true) = T
— OK
Thus D = C

CoD
No as C k= D.




Exercise 6

Consider a set of five propositional variables P = {a, b, c, d, e}.

@ How many formulas, up to logical equivalence, exist that are satisfied
by exactly seventeen interpretations?

@ How many formulas, up to logical equivalence, exist that are logical
consequence of the formula a A b?
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Exercise 6 - Solution

a) We have 5 variables, so the truth table has 2° = 32 lines.

For one set of logically equivalent formulas, 17 of these lines must be true.
To find how many different formulas, up to logical equivalence exists, we
therefore need to estimate how many ways there are to select 17 lines
among 327

.17 32
Answer: C35 =

17115!

b) This means formulas must be true when a A b is true, i.e. when ais T
and b is T. But they can be anything the rest of the time! When a and b
are T, this corresponds to 23 = 8 lines in the truth table, thus 32 — 8 = 24
lines are free, which leads to 224 formulas.
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