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Overview °
Electromagnetism (EM) & Finite elements (FESs)

* electromagnetic field models
o statics: electrostatics, electrokinetics, magnetostatics
o quasi-statics: electrodynamics, magnetodynamics
(time harmonic/frequency domain vs transient/time domain)
o full-wave, wave propagation

* models of electromagnetic sources
o Inductors/coils (stranded & massive < eddy current effects in conductors)
o permanent magnets

* non-linear material laws (saturation, hysteresis)

* formulations (in terms of potentials, fields)




Overview (cont'd) ;
Electromagnetism (EM) & Finite elements (FESs)

e computation of global quantities
o current and voltage
o lumped circuit elements (resistance, inductance, capacitance)
o flux linkage, losses (eddy current losses, iron losses), magn. energy
o force computation (magnetic/electric), torque
* coupled models, interaction with other physics
o field-circuit coupling via local and global quantities

o e€lectro- or magneto-mechanical models, motion of rigid bodies
(linear/rotational)

o electro-thermal models
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If you need to freshen up electromagnetic theory:

* The Feynman Lectures on Physics, Volume Il — electromagnetism and matter
(https://www.feynmanlectures.caltech.edu/ll_toc.html)

* N. Ida, Engineering Electromagnetism, Springer 2015 (https://www.springer.com/gp/book/9783030155568).
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About modern product development

Development cycle

y N N N

how is testing performed? physical vs. numerical
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Computational electromagnetism

* find the solution to real-world electromagnetic Physics

problems by numerical simulation Electromagnetism

e aim at analyzing and designing electrical
devices

o complex geometry Computational

. . . . Electromagnetism
o different materials, possibly nonlinear

Computer
o dynamical behavior - time dependence, science Ma:th
non-static field sources hard/software techniques

o multi-physics - phenomena of different
physical nature (electromagnetic, thermal,

mechanical, ...) w
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Stages in a typical FE analysis
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Common mistakes when using FE software

* Doing analysis for the sake of it — keep always in mind the end requirements

. Laq[lﬁ og )verification (measurements, analytical solution/approximation, another numerical
metho

* Wrong element: inefficient FE type (linear, higher order) or model (3D vs 2D planar/axisymmetric)

* Ignoring
o geometry or boundary condition approximations

o discretization errors (in space and time: mesh, time step)
* Bad post-processing — check local, not only global (average) quantities
* Non-standard FE analysis to be derived from standard procedures when possible

* Inadequate archiving (teamwork), lack of documentation

S .o



Electromagnetic theory - review



Maxwell (1831-1879) 26
Ampere (1775-1836)
) : Gauss (1777-1855)
Maxwell’s equatIOnS Faraday (1791-1867)
Lenz (1804-1865)

curlh — 0y d =73  Maxwell-Ampere’s equation b= puh ;’X(;)rgztsi’i‘g:‘ﬁéal‘évl\sﬂ
curle + 0tb =0  Faraday’s equation J = 0€e  behavior of materials
d'lvd 0 Conservation laws €€ linear, isotropic
iwvd = (
h magnetic field [A /m] e el.ectric field [V /m)] | 2
b magnetic flux density or induction [T d dlsplacemer.lt Curren‘g density [C/m?]
J current density [A/m?] q charge density [C/m"”|

grad fo = V fo = (0z, 9y, 9:) fo
curl fy =V x f1 =(0,,0,,0,) X f
diV.fQ = v ) f2 = (8:1;783;782’) ’ .f2

S .o

h(lll’, Y,z t) — hw(ZE, Y, =, t>aA3 + h’y(wa Y, %, t)’g + hz(xa Y, Zat)ZA

T,Y,z : unit vectors along x, vy, z axes



Maxwell's equations (cont'd) 27
Differential forms

" O-form = scalar, continuous field  Operation d (grad, curl, div) is the exterior derivative.
d l Applying d to a (k-1)-form gives a (k-form)
gra,
h,e 1-form = vector field of continuous tangential component
curl
b,j,d 2-form = vector field of continuous normal component
div l
q 3-form = scalar field
curlh — 9,d = j Notation: differential operators
grad fO = va — (a$76y782)f0
curle + 0,b =0

curl fi =V x f1 = (0,0,,0,) X fi
diV.fQ =V .f2 = (81778?;782) ) f2

divd = ¢q m

divb =0



n X (hy —hi)los =j, 2
. X — =0
Maxwell’'s equations (cont'd) n x (e — e1)los
//V n - (ba —b1)|ss =0
Differential forms Integral forms n - (dy —di)|as = ps
Transmission conditions
curl h — 8,d = j Stokes j{ h-dl = / (J+0d) -ndS [4]
—
curle + 0,b =0 theorem j[ e dl = / ob-ndS [V]
divb =0 Divergence 7{ b-ndS=0
oV
divd = q theorem 7{ d-ndS = / qdV [C]
517 1%

Stokes theorem curla ds = 7{ a-dl Divergence theorem diva dQ = f{ a-ndS

=55 Gauss law v S=oV
dl = rdi m



Maxwell’'s equations (cont'd)
Interface or transmission conditions

b1 = p1hy

material 1, p

material 2, po

bz = p2ho

85 = Js
8s =0
85 =

05 — Ps

29
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Integral form—Ampere’s law

curlh = 3 = h-dl =1
oS

Magnetomotive force (m.m.f.) [A]

The circulation of the magnetic field along a closed curve
equals the algebraic sum of currents crossing the
underlying surface

Conservation of current

le] = _atpv The sum of currents

arriving to a node is zero
divi=0if py =cte= ¢ j-nds=0 °

: o
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Integral form—Faraday’s law
@:/b-nds (W] ®

curle = -0;b = e-dl = -0,
oS

Electromotive force (e.m.f.) em.f.=—0,® |V]

Any variation of magnetic flux through a em.f.=—-NoyP® [V]

circuit gives rise to an electromotive force

For a circuit moving at speed v:

tati

Y _Jy stationary

em.f. = f/q-dlzj{ (e4+v xb)-dl = —/ Ob-nds [V] masnet
a5 a8 S N N

' I v, I Y
Conservation of flux density @ @

divb =0 = b-nds=0 Magnetic flux lines are closed
H
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Integral forms—Conservation laws

Conservation of current 2 ' ( P y—0
26)
divi=0= ¢ j-nds=0 1\ !
ov The sum of currents arriving to a node is zero
Conservation of flux density
divh = 0 = b-nds—=0 Magnetic flux lines are closed
oV

Gauss law (conservation of charge)

divd = ¢ = d-nds — / g dv [C] Total charge contained inside a volume
oV Vv

S .o
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Electromagnetic power

Poynting vector W/m?] s=e X h

Poynting theorem — Power exchanged with a volume (interior normal) =

P = j{ s-nds = —/ divsdv = / pdv Total dissipated power due to
oV % Vv ohmic losses
:/ e]dv—l—/ h@tbd’U—F/ 6'8tdd’U
Vv 174 174 Rate of decrease due to total

Power density electromagnetic energy stored in V

p=—dive x h=—h-curle+e-curlh
:eg+h6tb+68td

conduction magnetic  electric

S .o
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L orentz-Coulomb force law

The Lorentz-Coulomb force is given by the interaction of electromagnetic
fields with a punctual charge moving at a certain speed v

F
f=fctfn=qe+quxb [N]
q(vxB)4
qE
The magnetic force acting on a current-carrying wire is a variation of E
Lorentz formula, often called Laplace force: B
+q v
f=3xb=curlh xb [N] vV

S .o
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Material constitutive relations

b=B(e,h) = uh (+b,) Magnetic relation
d =D(e,h) =ce (+ds..) Electric relation
J j(e, h) — oe (_I_jsrc) Ohm’s law

Characteristics of materials . -
» constants (linear isotropic materials) p magnetic permeability (H/m)

« functions of electromagnetic fields (nonlinear materials) e dielectric permittivity (F/m)

* tensors (anisotropic materials) o electric conductivity (S/m)
 functions of other physical fields (temperature...)

Sources b, remanent induction (magnets)
d,,. source electric flux density

J «re SOUrce current density (inductors)
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Magnetic constitutive relation magnetic

moment
b= po(h+m)=po(h+xmnh)=pop-h

e =14 Xm relative magnetic permeability
L= poplr, po = 471077 H/m vacuum permeability

Diamagnetic and paramagnetic materials: #r ~ 1
linear (Ag, Cu, Al)
Ferromagnetic materials: > 1, pr = pr(h) M

nonlinear (steel, iron) :::::
Ferromagnetic—paramagnetic transition for 1" > Tcurie 'TIIY
00000 > H
Saturation A /B-—*—Z
Hysteresis B=w(H).H R i Dissipated energy proportional
to the area of the loops
>

soft materials hard materials



. : . . . field lines T
Dielectric constitutive relation dipole moment
p=gqd [C-m]
d = cpe +p =cp(e+ xe.e) = egee = ce
er =1+ Ye relative dielectric permittivity T
1
€= coer, €0 =5 = 8.854187107 ' F/m vacuum permittivity
0Co
C\;/
ge=¢g'+ig"
=it
Unpolarized €' dipolar T Air 1.0006
) @ @D PDDPDDR @ @ Teflon 2.1
D ® @ ® “® @ g I l Polyethylene 2.25
Polarized by an applied electric field @ atomic O : Paper 3.85
T S i electronic Glass 3.7-10
@ @ @ @ @ @ @ Concrete 4.5
@@@@@ ®@ Water 80

I I
103 10° 10° 1012 101°
|r‘nicrowave Lanrared ’\/IS ’LJVI |

Frequency in Hz

37
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Ceramics
y 0.01 [ >10'3
Ohm’s law o B
Porous ceramics .
100 | | 3x10
1
) o . . ° M ' d "
j =oe(+j,), resistivity p= o i
Composites e
. . ] 5
j=oc(e+vxb)(+j,) moving conductor 0 I
Woods and wood products
3x)04- 3x107
Simple models for temperature dependence: metals | potymers S
210 >0’
20 3 Rubbers r
10° | >10
s Polymezr foams i
1t 10
BT 10”? 0.001 1000 né" 10"
P = ,00(]- —|_ a(T - TO)) < Good Conductors RESISTIVITY ({2m) Good Insulators —=

po(To=20°C) (Qm) a (°C1)

i) Aluminum 27108 4103
Copper 1.7 108 3.9103

o ' Iron 9.6 108 6.5 103

0 100 300 400 500
T IK




Potential fields
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Potential field approach

* Maxwell's equations are rarely solved in terms of EM fields
* Apotential is a scalar or vector function the derivative of which gives a field
* Fields are associated with forces; potentials are associated with energy
* In general, scalar and vector potentials are functions of position and time
a — b=curla
* Maxwell’s equations reformulated in terms of potentials v = e =—gradv — dsa
o implicit properties that allow to simplify the PDEs/ODEs
o reduced number of equations

. . u — d=d curl u
o reduced dimension: from vector unknowns to scalar unknowns s T

t — 3 =curlt

w — h=t—-gradw
p — h=h,—grady

S .o



di — 41
v (ecurl ) =0 reminder
curl (grad f) =0

curl curl f = grad (div f) — Af

Potential field approach (cont'd)

magnetic vector potential a — b=-curla divarad =2
electric scalar potential v — e = —gradv — 0;a
egs. automatically satisfied from the other two equations (linear, isotropic materials )
curle + 0;b = 0 curl b = curlcurla = pjy + peod;e
divh =0 dive = —divgradv — 0;diva = a4

€
2 : o
egs. to solve in terms Aa — ped;a gra;l (diva + pedsv) HJ

of the potentials Av + Oudiva = —=
€

o Aa — ue@tza = —uj
Simplified equations b
P g y _____,} A q

imposing Lorentz gauge v — pediv = —
ﬂ



Gauge invariance div (curl £) = 0 12
. . curl (grad f) =0
Time-independent sources Tl s )l

divgrad f = Af
Poisson’s equation in the presence of source

Av(r) = _atr) Aa(r) = —pj(r)

€
Physics invariant under gauge transformation vy constant, 1y scalar field

v — v+ Vg a — a + grad v

One choice of gauge is

v(|r| =00) =0 diva =0  Coulomb gauge

Potentials calculated directly from the sources => solutions!

o(r) = 1 q(r’) v’ a(r):Z_;/ g(r’) v’

ey ) |r — 7/ r — 7|

) .o




Gauge invariance div (curl £) = 0 13
: curl (grad f) =0
Time-dependent sources el T

divgrad f = Af
Equations to solve

: q
Av + Odiva = - Aa — ,ueafa — grad (div a + pediv) = —uj

Physics invariant under gauge transformation
V= U4 g a — a + grad vy

imposing Lorentz gauge  diva + ued;v = 0

we get the simplified Maxwell’'s equations

Av — pediv = 4 Aa — pedia = —pj

€

S .o



Magnetic vector potential “
Gauge condition — uniqueness

b=curla — divb=0 Non-uniqueness of magnetic vector potential
. - L] - '
divh = 0 . b= curla + gradn We need to impose a gauge condition!

Coulomb gauge: diva =0 Another possibility: a-w =0

. w is a vector field with no-close lines
Lorentz gauge: diva + pedyv =0 linking any pair of points in (2
Tree—co-tree gauge tree | | \ \ / y

w(r)=r — N\

—~ //\\ -

f co-tree E / \




Model choice
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Model choice — Approximating Maxwell's equations

* Maxwell's equations & constitutive relations in frequency domain, without sources
(no conductivity inside conductors):
Ae —wope+ w?epe =0 + no RHS term Ae+k*’e=0 Helmholtz

Ah —woph +weph =0 B e 3 Ah + k2R =0 equations

* Using characteristic lengths
o characteristic spatial dimension L

o Skin depth § = @/i
wuUo

o wavelength 9 W
A = —,wave number £ = —, speed of light ¢ =
k c EL
e allows to write them in non-dimensional form:
2 3 2 472
(3 21 A7t )e:() ( Z—I— W)h:O

2 52 x L2 52 A2 m
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Formal choice of model based on characteristic lengths

uncoupled problem
( g1 > 1  electric/magnetic

)
—
|
7~ N\
N—
\V)

Q
DN
|
VN
S| > N o | >
N—
[\V)

Non-dimensional g3 < 1 electrostatics

numbers o
9 gz > 1 electrokinetics
2= (5) |
) g3 ~1 electrodynamics
Maxwell's equations AN - ~  g;> 1 magnetostatics
(1?2 B (?; * 4)\%)6 =0 NN 9251 magnetodynamics
5 2 An® <1 full wave
(L2 =+ )h_o

g1 — 1 HF asymptotics

) .o



B Q B €S
C_V_d
Voo
R=7=53
P
L_
m.m.f.
_ p2k0d
l
P
wHo
27
A= —
k

S .o

EM model

governing equations

electrostatics e | curle =0, divd=¢q, d=ce
electrokinetics -\WWW\~ curle =0, divyg =0, jg=o0e

curle =0, div(j+ d:d) =0
electrodynamics ,

1=0ce, d=ce
magnetostatics =/l curlh =g, divb=0

b=uh

. curlh =37, curle=-0:b, divb=0

magnetodynamics -WW~Hii~ ,

b=uh, j3=o0e

—AWW\ -0 curlh =3+ 0;d, curle=-0;b, divb=20
full wave — o — p
—ce

b=puh,

j=oe,

48



Motivating examples
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Electrostatics

Phenomena involving time-independent

distributions of charges & fields 9,b = 0 i T

curle =0 boundary conditions r N
divd = g n x elr, =0 A
\
d=c¢ce n-djr, =0 \
dp \

electric scalar potential formulation in

—div (egradv) = ¢q, e = —gradv \ lic /
AN /
\\ V /
I nocharges o . ] .

— divgradv = —Av = 0 Laplace equation g o=
in each conducting region Qeqy, v=0; = v|p, , = v
imposed potential at boundary ’ |
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Electrostatics

field next to a 220 kV high voltage line

e SO

current

1.38e+05 2.75e+05 tran SfO rmer
w isolation
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Electrokinetics

curle =0 boundary conditions (BCs)
curlh = j = divy =0 n xelp, =0

j=oe n-jlr; =0

electric scalar potential formulation

—div (o gradv) =0, e = —gradv

formulation for the conducting region €2

in each electrode
imposed potential

Ueiy v=1v;, = v|r,, =
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Electrokinetics
grounding systems: rods & cables

N e S
"“ﬁl_ ,/ ) -~ T
- s -~ P -
N / = +
A\

T eaRe R S electric potential distribution

KU LEUVEN
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Electrodynamics

curle =0

curlh = j + 0;d = div (g + 9:d) =0
j]J=o0e€
d=ce

electric scalar potential formulation
—div (o gradv + egrad d;v) =0, e = —gradv

S .o



density of probability

] 200 . . .
JAvg —pout=
ectroaynamics
160[- == Poyt =
140 "'p°‘":
Tissue Conductivity (S/m) 120l 5 o
. ===Fout ~
Muscle 0.2330 ool Imaz < 10 mA/m |
White matter0.0533 80| Iag_perc 7
Grey matter 0.0753 - 0.5155 s0l- i
Cerebellum 0.0953 - 0.3020 o
Eyes 1.5000 401 il
20 1
Spinal chord0.0274 o ‘ ‘ . \ N
Lungs 0.0684 % 0. 0.02 0.03 0.04 0.05 0.06
Heart current density in the grey matter (A/m2)
. 300 T T T T T T T T T
Velns (.:..avg —_—Pyy =
mmaPo =8
Liver 250~ P =
Bones ___pout=8
Cartilage 0.1714 200l —P,, =
Nerve Py =
== *Tou
CSF
Midbrain 1801 699_pe7«c < ].OO mV/m |
ELLA 100} e99—perc e _
Iso2mesh sof ]
45 different tissues \ /] —___ V¥
S0t 002 003 004 005 006 007 008 000 01 011

1e6 nodes
5.8eb6 tetrahedra ‘

electric field in the white matter (V/m)
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/,/ P 9 ,uoS

solenoid L

— == _ m.m. [
P AN !

Magnetostatics

curlh = 73,
divb =0
b= puh(+b,)
h =vb(+h.)

possible sources:

Sueheel der e J . imposed current density in inductor

b, remanent induction if magnets

magnetic vector potential formulation h, coercive magnetic field if magnets

curlvcurla =3,, b=curla

S .o



Magnetostatics

Permanent Magnet
Synchronous Machine
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Magnetostatics

- = = —_— — — =] - ==

e e i m e P Tl T
g g T w.a, = A
. - -t T W P e M St
% e e, -, e s

e S, s el i
e oo e -

L v~ g N N

i . A3

- LS

5 e .,

-3 e T R e - L e
S - A P S oy A S et T e
. TN - . Y 4
e S e i e =" ® - -

T 109

relay

displacement due to
the magnetic force

MEMS magnetometer

Switched reluctance machine
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Magnetodynamics

curlh = 3
curle = —0;b
divb =20
b= puh(+b,)
j=oe+3,

Q=0,uQ¢

studied domain

magnetic vector potential(-electric scalar potential) formulation
. 1
curlvcurla + o (0;a + gradv) = 3,, b= curla reluctivity v = ;

div ( — o(0ia + grad v)) =0 in Q¢ e=—gradv—J:a

S .o



Magnetodynamics

eddy-current non-destructive testing

impedance
variation

Imaginary part (€2)

(NDT)

025 '
20% —+—

40%

0.15 *e S
0.1 90 x’x
0.05 co R
N o

-0.05 ' ‘

0.1 -0.05 0

Real part (£2)

0.05

60 speedup factor for 100 positions

0.25

[a=)
- ©
W [\

Magnitude (€2)
o

005 |

T

20% —+—

40%

60% - |

Axial distance (mm)

61

current density
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Magnetodynamics
induction heating

QN K

temperature distribution
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Joule losses

1.1e+03
977 .............
855 ..............
733 ............
61 0 ..........
488
366
244
122
1.58e-05
0.000167

Magnetodynamics

-14.3

0.000167 0.025 0.0498 0.0747
Time
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Full wave — Maxwell’s are fully coupled

curlh = j + 0,d total electric field = scattered field + incident field
curle = —6tb € = €5 T €inc
b=1h esut = (M X €) Xn
d=ce + Silver-Muller radiation condition at infinity
j=oe (outgoing waves)

curle x n — zk((n X e) X n) —
curle;,. X n — zk((n X €inc) X n) ,onT

frequency domain (harmonic state or

electric or magnetic field formulation complex formalism)
Curlcurle—l—au(?te+eu8t26 =0 Ae —wope +wepe =0
curlcurl b + o 0;h + €0 07h = 0 Ah — woph + w?eph =0 w=2rf

S .o
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Full wave
microstrip antenna

mstrip.geo

Onelab - GetDP Gmsh

—— W Flag_E
v GetDP
- [mstrip pro ] Model name o
— [MW_e_3D AL L S o SO
— [Local e _¥| Post-processing | [ SeSeae| S T
—— |-solve -v 1 -v2 ll Compute command
~— |Gamma_mstrip_e1.dat _ﬂ Output files
~w Gmsh
- |mstrip.msh _¥| Mesh name
v Input
b |1e+09 _.lE Frequency
~w Output
——1-0.0147972 C|k|Be
- [-0.000350221 Q|| Ge
i (0.000951557 :| Q| k| Reflection_loss
L |-36.594 | Q|| Return_loss
%7 | Check Compute |
=EXYZC 11®MSS KA b I [Postprocessing |
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Full wave
scattering by a submarine
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Full wave
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0.882
0.756
0.631
0505 norm(E) on YZ plane Y
0.379 N
0.254 i = i / ‘ 2.1e-05 0.369 6.46e+03 Z
0.128 ~F [ D - [T
0.0024
0.123
-0.249
LC model LC model
VnotTerm T T T T T 100 T T T T T T
—RLC circuit (reference) 9—? —RLC circuit (reference)
O AFS points O AFS points
> ===== Reduced model of order 4 (TF from VF) ===== Reduced model of order 4 (TF from VF)
! - - =Extracted RLC > S0 - - - Extracted RLC i
2 10"t |
5 r PR [
3 8 :
o (@] i |
8 s O
2 o ;
: 2 :
5 10°F £ 1
s -50 : b
1
bu,_- 7 s WETEPTY o PPN D
10.1 -100 1 1 1 1 1 1
0 0 1 2 3 4 5 6 8
Frequency [Hz] «10% Frequency [Hz] «10%

KU LEUVEN

Ciuprina et al. Journal of Mathematics in Industry, 2022, Electric circuit element boundary conditions in the finite element method for full-wave passive electromagnetic devices
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Full wave

le+10

1e+09

Frequency (Hz)

1e+08

a-v formulation (coarse mesh)
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