
Continuous mathematical structure



2Square integrable vector fields 
Useful definitions

The scalar product of u, v 2 L2(⌦) and u,v 2 L2(⌦) is defined by

(u, v)⌦ =

Z

⌦
u(x) v(x) dx and (u,v)⌦ =

Z

⌦
u(x) · v(x) dx

The norm of u 2 L2(⌦) and u 2 L2(⌦) is defined by

kukL2(⌦) = (u, u)1/2⌦ =
h Z

⌦
u2(x) dx

i1/2
kukL2(⌦) = (u,u)1/2⌦ =

h Z

⌦
ku(x)k2 dx

i1/2

The solutions of Maxwell’s equations belong to spaces of square integrable scalar
and vector fields L2(⌦) and L2(⌦). They are defined by

L2(⌦) =
n
u :

Z

⌦
u2(x) dx < 1

o
L2(⌦) =

n
u :

Z

⌦
ku(x)k2 dx < 1

o



Hilbert and Sobolev spaces
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The spaces L2(⌦) and L2(⌦) are Hilbert spaces and can welcome physical fields,
characterised by a finite energy.

The subspaces of L2(⌦) and L
2(⌦) for which all first order partial derivatives

are also square integrable are known as the Sobolev spaces of scalar fields H1(⌦)
and vector fields H1(⌦), respectively. They are defined as

H
1(⌦) =

n
u 2 L

2(⌦) : @xu, @yu, @zu 2 L
2(⌦)

o

H
1(⌦) =

n
u 2 L

2(⌦) : @xu, @yu, @zu 2 L
2(⌦)

o

H
p(⌦) =

n
u 2 H

p�1(⌦) : @xu, @yu, @zu 2 H
p�1(⌦)

o

H
p(⌦) =

n
u 2 H

p�1(⌦) : @xu, @yu, @zu 2 H
p�1(⌦)

o
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de Rham complex

H
1(⌦) =

�
u 2 L2(⌦) : curlu = 0, divu = 0,n · u

��
�
= 0

 

H
2(⌦) =

�
u 2 L2(⌦) : curlu = 0, divu = 0,n⇥ u

��
�
= 0

 

H
1(⌦)

grad

✏✏
H(curl;⌦)

curl

✏✏
H(div;⌦)

div
✏✏

L
2(⌦)

H(grad;⌦) =
�
u 2 L

2(⌦) : gradu 2 L
2(⌦)

 

H(curl;⌦) =
�
u 2 L

2(⌦) : curlu 2 L
2(⌦)

 

H(div;⌦) =
�
u 2 L

2(⌦) : divu 2 L
2(⌦)

 



Maxwell’s equations
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curlh� @td = j

curl e+ @tb = 0

div b = 0

divd = q

0-form = scalar, continuous field

1-form = vector field of continuous tangential component

2-form = vector field of continuous normal component

3-form = scalar field

v

h, e

b, j,d

q

grad

curl

div

grad f0 ⌘ rf0 = (@x, @y, @z)f0

curlf1 ⌘ r⇥ f1 ⌘ (@x, @y, @z)⇥ f1

divf2 ⌘ r · f2 ⌘ (@x, @y, @z) · f2

b = B(e,h) = µh (+br)

d = D(e,h) = ✏e (+dsrc)

j = J (e,h) = �e (+jsrc)

<latexit sha1_base64="peARqwfboF6T+0vOu0aptMo1LoE="></latexit>



Maxwell’s house —Tonti diagram
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square integrable
scalar & vector fields:
field + field with 
differential operator

boundary conditions 
accounted for in
subspaces

boundary split in two 
parts

1-form

0-form

2-form

3-form

2-form

3-form

1-form

0-form

' H
1
h(⌦)

oo //

gradh

✏✏

L
2(⌦)
OO

dive

h, t Hh(curl;⌦) oo
µ

//

curlh
✏✏

He(div;⌦) b
OO

curle

d, j Hh(div;⌦) oo
✏, �

//

divh

✏✏

He(curl;⌦) e, a
OO

grade

q L
2(⌦) oo // H

1
e (⌦) v

u = e or h
<latexit sha1_base64="aLVtDX+RsoaPOKG5u2AUvFjfls4="></latexit><latexit sha1_base64="aLVtDX+RsoaPOKG5u2AUvFjfls4="></latexit><latexit sha1_base64="aLVtDX+RsoaPOKG5u2AUvFjfls4="></latexit><latexit sha1_base64="aLVtDX+RsoaPOKG5u2AUvFjfls4="></latexit>

H
1
u
0(⌦) = {u 2 L

2(⌦) : gradu 2 L
2(⌦), u|�u = 0}

H
0
u(curl;⌦) = {u 2 L

2(⌦) : curlu 2 L
2(⌦),n⇥ u|�u = 0}

H
0
u(div;⌦) = {u 2 L

2(⌦) : divu 2 L
2(⌦),n · u|�u = 0}

<latexit sha1_base64="lLbiJ1bSPf9x2v5DY2n9hic4n0c="></latexit><latexit sha1_base64="lLbiJ1bSPf9x2v5DY2n9hic4n0c="></latexit><latexit sha1_base64="lLbiJ1bSPf9x2v5DY2n9hic4n0c="></latexit><latexit sha1_base64="lLbiJ1bSPf9x2v5DY2n9hic4n0c="></latexit>
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Strong and weak formulations
notation

Lu = f in ⌦

Bu = g on �

find u so that

(u,L⇤v)⌦ � (f, v)⌦ +

Z

�
Qg(v) ds = 0 , 8v 2 V (⌦)

(Lu, v)⌦ � (u,L⇤v)⌦ =

Z

�
Q(u, v)ds

Q bilinear function of u and v

X L di↵erential operator of order n

X L⇤ adjoint of L
X B di↵erential operator imposing BC

X f function in ⌦, g function on � = @⌦

X u unknown function

X Qg linear function of v Continuous system ) 1⇥1
Discrete system ) N ⇥N

) numerical solution

hu, vi� =

Z

�
u · v d�(u, v)⌦ =

Z

⌦
u · v d⌦

(v, gradu)⌦ + (divv, u)⌦ = hu, n̂ · vi�

(v, curlw)⌦ � (curlv,w)⌦ = hv ⇥ n̂,wi�

grad-div type

curl-curl type
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Weak formulation – 1D example with no charges
Conservation law

1D equation to solve

e(x) = �grad v = �@xv

Z x2

x1

@xe(x) ṽ(x) dx = 0

Z x2

x1

@xe(x)dx = 0

Z x0
2

x0
1

@xe(x)dx = 0

@xe(x) = 0

✏ = 1 , q = 0

div d = div ✏e = q @xe(x)

ṽ

@xe(x)ṽ(x)

x1

<latexit sha1_base64="cQnJgSA5ag7k58BVe+uolUMpLjQ="></latexit>

x2

<latexit sha1_base64="zkIxU0z6Pg48TBLcDLZwBzH3g+0="></latexit>

x1

<latexit sha1_base64="cQnJgSA5ag7k58BVe+uolUMpLjQ="></latexit>

x2

<latexit sha1_base64="zkIxU0z6Pg48TBLcDLZwBzH3g+0="></latexit>

x1

<latexit sha1_base64="cQnJgSA5ag7k58BVe+uolUMpLjQ="></latexit>

x2

<latexit sha1_base64="zkIxU0z6Pg48TBLcDLZwBzH3g+0="></latexit>

e(x2)ṽ(x2)� e(x1)ṽ(x1)�
Z x2

x1

e(x) @xṽ(x) dx = 0

<latexit sha1_base64="Zj9jwaDR+mdBTlmDomwBIQtd5lA="></latexit>

Weak form

Weak form after 
integration by parts
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Strong and week formulations (cont’d)
e.g., strong electrostatic formulation

e.g. weak electrostatic formulation

Green formula:
integrating by parts

governing equations and BCs

��v = �@2v(x, y, z)

@x2
� @2v(x, y, z)

@y2
� @2v(x, y, z)

@z2
=

q

✏
)

8
><

>:

L = ��

f =
q

✏
u = v

n⇥ e|�e = 0

n · d|�d = 0

e = �grad v, d = ✏e

Z

⌦
��v · w d⌦ =

Z

⌦

⇣
� div (grad v)

⌘
· w d⌦ =

Z

⌦

q

✏
w d⌦

Z

⌦

⇣
� div (w grad v) + grad v · gradw

⌘
d⌦ =

Z

⌦

q

✏
w d⌦

v · gradu+ u divv = div (uv)



Constraints
• Local constraints

o boundary conditions (BCs) on local fields at the boundary of the domain
• their choice influences the final solution
• they can be exploited to reduce the computational domain

o interface conditions (ICs): coupling of fields between subdomains

• Global constraints
o flux or circulations of fields to be fixed (current, voltage, e.m.f., m.m.f., charge)
o flux or circulations of fields to be connected (circuit coupling)

10

Lu = f in ⌦

Bu = g on �



Boundary conditions (BCs)
• Dirichlet BCs: fixing the unknown at the boundary to a given value

• Neumann BCs: fixing the normal derivative of the unknown at the boundary to a 
given value

• Mixed BCs: a combination of Dirichlet and Neumann BCs

11

Lu = f in ⌦

Bu = g on �

u|� = u0

⇢
= 0 , homogeneous BC
6= 0 , inhomogeneous BC

@u(x)

@n
= w(x), x on �

@u(x)

@n
+ f1(x)u = f2(x) , x on �

f1(x)u and f2(x) explicitly known



Boundary conditions (BCs) (cont’d)
• Periodic BCs: fixing the unknown at the boundary to a given value

• Floating BCs: unknown fixed to a constant value that still must be determined, 
often related to global boundary conditions

12

Lu = f in ⌦

Bu = g on �

u(x0) + C1u(x1) = C2 , x0 on �0 , x1 on �1

or
@u(x0)

@n
+ C 0

1
@u(x1)

@n
= C 0

2 , x0 on �0 , x1 on �1



13

core

magnet airgap

air

Dirichlet BC

Neumann BC



BCs — symmetry
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symmetry axis symmetry axis

half model!

normal 
component
of induction 
= zero 

core
in

du
ct

or

b = curla

b = ẑ ⇥ grad az
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Periodic BCs 1/4 model
periodic BCs

1/8 model
anti-periodic BCs

p = number of poles k = 1, 2, 3, . . . az(r, ✓) = az(r, ✓ + 2k
⇡

p
)

az(r, ✓) = �az(r, ✓ + (2k � 1)
⇡

p
)



Discrete mathematical structure
Whitney elements
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Discrete mathematical structure
Replace the continuous spaces (infinite dimension) by discrete spaces (finite dimension)

H
1
h(⌦)

oo //

gradh

✏✏

L
2(⌦)
OO

dive

Hh(curl;⌦) oo //

curlh
✏✏

He(div;⌦)
OO

curle

Hh(div;⌦) oo //

divh

✏✏

He(curl;⌦)
OO

grade

L
2(⌦) oo // H

1
e (⌦)

W 0(G) oo //

grad

✏✏

W 3(G)
OO

div

W 1(G) oo //

curl
✏✏

W 2(G)
OO

curl

W 2(G) oo //

div
✏✏

W 1(G)
OO

grad

W 3(G) oo // W 0(G)

W
0(G) ⇢ H

1(G)
W

1(G) ⇢ H(curl;G)
W

2(G) ⇢ H(div;G)
W

3(G) ⇢ L
2(G)

local function spaces on
geometrical element G
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The Whitney complex

0

0

0

0

W p(G) is the finite dimensional subspace spanned by the p-Whitney elements
on G. They satisfy the property of conformity:
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• set of linearly independent basis/shape functions and weighting functions (also 
called test and trial functions)

• commonly piecewise polynomial
• defined at a structured or unstructured grid/mesh
• compact support
• scalar or vectorial functions

Finite elements



20Finite elements
Lowest order basis functions in 1D

u(x) ⇡ uh(x) =
NX

i=1

uisi(x)

F 0(⌦) = span{s1(x), s2(x), . . . sN (x)}



21Finite elements
Lowest order basis functions in 2D

u(x) ⇡ uh(x) =
NX

i=1

uisi(x)

F 0(⌦) = span{s1(x), s2(x), . . . sN (x)}



Electrostatic formulations and 
discretization



Electrostatics
23

Phenomena involving  time-independent  distributions of charges & fields

boundary conditions

“d side”

electric vector potential
(u-) formulation

“e side”

curl e = 0

divd = q

d = ✏ e

n⇥ e|�e = 0

n · d|�d = 0

electric scalar potential
(v-) formulation



gradh

✏✏

OO

dive

u oo //

curlh
✏✏

0
OO

curle

d oo
d = ✏e

//

divh

✏✏

e
OO

grade

q v

Heat conduction problem
✏ by  = thermal conductivity

v by ✓ = temperature

q by f = thermal power

Electrostatics
24

Ampere’s law 
(div of) verified in 
a weak sense

nodal BF

edge BF

volume BF

facet BF

edge BF

curl e = 0, divd = q, d = ✏ e

= curl e

= �grad v

� div (✏ grad v) = q

+
� div grad v = ��v = 0

electric scalar 
potential formulation

no charges  & 
homogeneous mediumLaplace 

equation

Poisson equation for 
inhomogeneous media



Spatial discretization — electrostatics
25

Weighted residual approach

with given

We want to find the electric scalar potential v(x)
everywhere in ⌦

�div (✏ grad v) = q in ⌦

q(x) known charge density (possibly = 0)
✏(x) permittivity > 0 in part of the domain

We integrate the equation weighted by
test functions wi(x) over the whole domain:

find v such that
Z

⌦

⇣
� div (✏ grad v)

⌘
wi d⌦ =

Z

⌦
q wi d⌦

holds 8wi(x)



find v such that
Z

�
wi(�✏ grad v)n d�+

Z

⌦
✏ grad v · gradwi d⌦ =

Z

⌦
q wi d⌦

holds 8wi

<latexit sha1_base64="tVC6hNeynhX77mjChq7gHQzMXqI="></latexit>

Spatial discretization — electrostatics (II)
26

search wiki vector calculus

Weak formulation

integration by parts 
Green formula

divergence theorem

Z

⌦

⇣
� div (✏ grad v)

⌘
wi d⌦ =

Z

⌦
q wi d⌦

v · grad s+ s divv = div (sv)
Z

⌦

⇣
� div (wi✏ grad v) + ✏ grad v · gradwi

⌘
d⌦ =

Z

⌦
q wi d⌦

Z

⌦
divv d⌦ =

I

�
v d� , d� = nd�

<latexit sha1_base64="ebiVmBUTC2//k7ZpfzDl7dq4Opc="></latexit>

only the first derivative of the electric potential is now required



Z

�
wi(�✏ grad v) d�

<latexit sha1_base64="hSnZJyd5EUF7uy3fueXwFVLrBKw="></latexit>

Spatial discretization — electrostatics (III)
27

Boundary integral

essential BC natural BC

n · d = dn

Z

�Dirichlet

wi(�✏ grad v) d�+

Z

�Neumann

wi(�✏ grad v) d�

8wi(x)
n · d = dn

n⇥ e = et

if wi = 0 on �Dirichlet

= 0 8wi(x) = 0



wj(x) = sj(x)

<latexit sha1_base64="Q0YYPD3h8I+NeAPAhcAoOlecPKI="></latexit>

⇢
sj(x) basis/shape functions
uj unknowns=degrees of freedom (Dof)

<latexit sha1_base64="M4PpYP+99oLN1gPLJFxk6pKtT7I="></latexit>

Spatial discretization — electrostatics (IV)
28

Ritz-Galerkin method
Petrov-Galerkin method

= fi[kij ][uj ] = [fi]matrix system = kij

X

j

uj

Z

⌦
✏ gradwj · gradwi d⌦ =

Z

⌦
q wi d⌦

<latexit sha1_base64="Iji0hffuNmVRlNa4PGZYyfw8Sw4="></latexit><latexit sha1_base64="Iji0hffuNmVRlNa4PGZYyfw8Sw4="></latexit><latexit sha1_base64="Iji0hffuNmVRlNa4PGZYyfw8Sw4="></latexit><latexit sha1_base64="Iji0hffuNmVRlNa4PGZYyfw8Sw4="></latexit> X

j

uj✏j
X

i

gradwj · gradwi =
X

i

qi wi

<latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit><latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit><latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit><latexit sha1_base64="R48hSSoOSsNLneT5COOTC8zPrCk="></latexit><latexit sha1_base64="VaTFFoHtZmyljWlRFQHZItUjjqo="></latexit><latexit sha1_base64="VaTFFoHtZmyljWlRFQHZItUjjqo="></latexit><latexit sha1_base64="W95c1NU0+zjUf8wOy+v4w6/IHyg="></latexit><latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit><latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit><latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit><latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit><latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit><latexit sha1_base64="n+SriFOTsTgsOi9jGntmn1mf4U4="></latexit>

wj(x) 6= sj(x)

<latexit sha1_base64="Lcin9dD2pJR74jsvyOdPo3K+swQ="></latexit>

=> We use Whitney elements, i.e., nodal basis 
functions for discretising the electric scalar potential v



Function space - electric scalar potential
29

v ⇡ vh =
X

n2N
vnsn

FunctionSpace{
{ Name Hgrad_v; Type Form0; //discrete function space for H1_h

BasisFunction {
{ Name sn; NameOfCoef vn; Function BF_Node; //‘‘P1 FEs’’

Support Domain; Entity NodesOf[All]; }
}
Constraint {

{ NameOfCoef vn; EntityType NodesOf; NameOfConstraint ElectricScalarPotential; }
}

}
}

(x1, y1)
(x2, y2)

(x3, y3)

(x, y)

Linear triangular element with 
unknowns associated to nodes
0-form nodal BF associated to 
a triangle (2D mesh on slide) 



Constraint {
{ Name ElectricScalarPotential ;

Case {
{ Region Dirichlet0 ; Value 0. ; }
{ Region Dirichlet1 ; Value V_imposed ; }

}
}

}

Formulation {
{ Name Electrostatics_v ; Type FemEquation ;

Quantity {
{ Name v ; Type Local ; NameOfSpace Hgrad_v ; }

}
Equation {

Galerkin { [ epsilon[] * Dof{d v} , {d v} ] ;
In Domain_Ele ; Jacobian Vol ; Integration GradGrad ; }

}
}

}

Electrostatic formulation - build equation
30

Dirichlet constraint

no charges

Set of weighing functionsSet of basis functions 
and associated DofZ

@⌦
wi(�✏ grad v) d�+

Z

⌦
✏ grad v · gradwi d⌦ = 0

This	is	a	bit	illustra/on	of	the	implementa/on	in	GetDP.	You	are	NOT	expected	to	understand	in	detail.	Some	superficial	understanding	is	
quite	within	reach,	normally.	
	
The	code	is	complicated	because	GetDP	allows	for	quite	complex	cases.	The	case	here	is	very	simple.	
		
	
In	the	GetDP	lines:	
Form1P	:	the	MVP	a	is	a	1-form	perpendicular	(P)	to	the	plane,	so	{d	a}	means	curl	a	
	
The	two	Galerkin	lines	in	the	formula/on	correspond	directly	to	the	2	terms	in	the	equa/on.	
	
Considering	integrands	that	are	element-wise	constant	or	linear,	numerical	Gauss	integra/on	with	just	1	integra/on	point	is	sufficient.	Using	
more	integra/on	points	is	a	(small)	waste	of	compu/ng	resources.	See	hw1.	
	
The	BFs	are	piecewise	(triangle-wise)	linear,	whereas	their	curl	is	piecewise	(triangle-wise)	constant.	
	
In	most	prac/cal	cases,	the	imposed	current	density	is	triangle-wise	constant.	
	
The	figure	down	shows	the	1,	3,	4	and	7	Gauss	integra/on	points	in	a	triangle.	
h4p://kratos-wiki.cimne.upc.edu/index.php/Numerical_Integra/on	
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Electrostatics
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Faraday’s law 
verified in a 
weak sense

nodal BF

edge BF

volume BF

facet BF

edge BF

gradh

✏✏

OO

dive

u oo //

curlh
✏✏

0
OO

curle

d oo
d = ✏e

//

divh

✏✏

e
OO

grade

q v

ds + curlu =

curl e = 0, divd = q, d = ✏ e

ds is any source field verifying
divds = q
+ gauge condition so that
div curlu = 0

electric vector potential formulation

no charges

curl
⇣1
✏
curlu+

1

✏
ds

⌘
= 0

+

curl
⇣1
✏
curlu

⌘
= 0


