
Maxwell’s equations
1

curlh� @td = j

curl e+ @tb = 0

div b = 0

divd = q

0-form = scalar, continuous field

1-form = vector field of continuous tangential component

2-form = vector field of continuous normal component

3-form = scalar field

v

h, e

b, j,d

q

grad

curl

div

grad f0 ⌘ rf0 = (@x, @y, @z)f0

curlf1 ⌘ r⇥ f1 ⌘ (@x, @y, @z)⇥ f1

divf2 ⌘ r · f2 ⌘ (@x, @y, @z) · f2

b = B(e,h) = µh (+br)

d = D(e,h) = ✏e (+dsrc)

j = J (e,h) = �e (+jsrc)
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Maxwell’s house —Tonti diagram
2

square integrable
scalar & vector fields:
field + field with 
differential operator

boundary conditions 
accounted for in
subspaces

boundary split in two 
parts

1-form

0-form

2-form

3-form

2-form

3-form

1-form

0-form

' H
1
h(⌦)

oo //

gradh

✏✏

L
2(⌦)
OO

dive

h, t Hh(curl;⌦) oo
µ

//

curlh
✏✏

He(div;⌦) b
OO

curle

d, j Hh(div;⌦) oo
✏, �

//

divh

✏✏

He(curl;⌦) e, a
OO

grade

q L
2(⌦) oo // H

1
e (⌦) v

u = e or h
<latexit sha1_base64="aLVtDX+RsoaPOKG5u2AUvFjfls4="></latexit><latexit sha1_base64="aLVtDX+RsoaPOKG5u2AUvFjfls4="></latexit><latexit sha1_base64="aLVtDX+RsoaPOKG5u2AUvFjfls4="></latexit><latexit sha1_base64="aLVtDX+RsoaPOKG5u2AUvFjfls4="></latexit>

H
1
u
0(⌦) = {u 2 L

2(⌦) : gradu 2 L
2(⌦), u|�u = 0}

H
0
u(curl;⌦) = {u 2 L

2(⌦) : curlu 2 L
2(⌦),n⇥ u|�u = 0}

H
0
u(div;⌦) = {u 2 L

2(⌦) : divu 2 L
2(⌦),n · u|�u = 0}
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curlh = js
div b = 0

b = µh(+br)

h = ⌫ b(+hc)
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4

Magnetostatics

studied domain

inductor

magnets
imposed current 
density

imposed
voltage

magnetic vector potential formulation

possible sources:

solenoid L =
�

m.m.f
= n2µ0S

l

curl ⌫ curla = js , b = curla

⌦⌦

⌦s

⌦s,i
⌦m

⌦g,i

Vi

js,i bs

js imposed current density in inductor

br remanent induction if magnets

hc coercive magnetic field if magnets
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div
⇣
µ(hs � grad')

⌘
= 0 in ⌦ , curlhs = js, h = �grad'



Magnetostatics
5

',!

gradh

✏✏

0
OO

dive

h, t oo
µh = b

//

curlh
✏✏

b
OO

curle

j oo
j = �e

//

divh

✏✏

a, e
OO

grade

0 v

nodal BF

edge BF

facet BF

volume BF

edge BF

reluctivity ⌫ =
1

µ= div b

Magnetic Gauss  law 
verified in a strong sense

Ampère’s law verified in 
a weak sense
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a formulation
a magnetic vector potential

<latexit sha1_base64="3gewbhvkdsXhb99qppep51tzd/w="></latexit>

= curla
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curl ⌫curla = js
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+ Gauge in ⌦
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curlh = js, div b = 0
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gradh

✏✏

0
OO

dive

h, t oo
µh = b

//

curlh
✏✏

b
OO

curle

j oo
j = �e

//

divh

✏✏

a, e
OO

grade

0 v

Magnetostatics
6

Ampère’s law 
verified in a 
strong sense

nodal BF

nodal BF

edge BF

facet BF

volume BF

Magnetic Gauss law 
verified in a weak sense

�grad' =

curlh =

<latexit sha1_base64="flDuIc7Pkr63VDyYLi7Bbi0gfg4="></latexit>

' formulation
h = �grad' magnetic field
' magnetic scalar potential

<latexit sha1_base64="0xZJ9yp03bEuEmIcN0BA5uiIa/M="></latexit>

div
⇣
µ(hs � grad')

⌘
= 0 in ⌦
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curlhs = js
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curlh = js, div b = 0



Spatial discretization — magnetostatics
7

weighted residual approach

with given

We integrate the equation weighted by (vectorial) weighting or test functions
wi(x) over the whole domain ⌦:

<latexit sha1_base64="cuEBV/4FHWcQb+0nGD0DWjeh+eM="></latexit>

We want to find the magnetic vector potential a(x) in ⌦
<latexit sha1_base64="/1kaxekvC9Jx8IjhXJKF/CijJ0E="></latexit>

curl (⌫curla) = js
<latexit sha1_base64="lItKg+hvWWkrE93X6YRe03Nf6U0="></latexit>

js(x) imposed electric current density
⌫(x) reluctivity > 0 in part of the domain

<latexit sha1_base64="im6AGfMs24Bim8K8yz78YC4n/M0="></latexit>

find a such that
Z

⌦
curl (⌫curla) ·wi d⌦ =

Z

⌦
js ·wi d⌦

holds 8wi
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find a such that
Z

�
(n⇥ ⌫ curla ·wi) d�+

Z

⌦
⌫ curla·curlwi d⌦ =

Z

⌦
js ·wi d⌦

holds 8wi(x)

Spatial discretization — magnetostatics (II)
8

Weak formulation

integration by parts 
Green formula

only the first derivative of the MVP is now required

divergence theorem

v · curlu� u · curlv = div (u⇥ v)

Z

⌦
divu d⌦ =

I

�
u d� , d� = nd�
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⌦
curl (⌫curla) ·wi d⌦ =

Z

⌦
js ·wi d⌦
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u = ⌫ curla
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⌦

⇣
div (⌫ curla⇥wi) + ⌫ curla·curlwi

⌘
d⌦ =

Z

⌦
js ·wi d⌦
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u = ⌫ curla⇥wi



From 3D to 2D models
9

div b = @xbx + @yby = @2
xyaz � @2

xyaz = 0

<latexit sha1_base64="6kva0mD7gYZcoQssnrON36kQ4HM="></latexit>

a = (0, 0, az(x))

b = curla = (@yaz,�@xaz, 0)

h = ⌫ curla = ⌫ (@yaz,�@xaz, 0)

<latexit sha1_base64="lENtRHiqw5btlLJa1+5I1RJa3HI="></latexit>

js = (0, 0, js(x))

b = (bx(x), by(x), 0)

h = (hx(x), hy(x), 0)

<latexit sha1_base64="PUGN8mV+kkhvtrX/+zQDn+nN3tQ="></latexit>

�@x(⌫@xaz)� @y(⌫@yaz) = js,z
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curl (⌫curla) = js



Open boundary problems —
Low frequency
Truncation of outer boundaries
Asymptotic boundary conditions
Kelvin transformation
Shell transformation



Truncation of outer boundaries
11

• Pick an arbitrary boundary far enough from the region of interest and impose a  
homogeneous Dirichlet or Neumann boundary condition

• Rule of thumb: 
distance from centre of problem to outer boundary == 5 times 
distance from centre to outside of region of interest

• Used by most FE electromagnetic software, as it requires no additional effort to 
implement

• To get an accurate solution a large volume of air around the area of interest must be 
modelled

• This large area can be modelled with a relatively coarse mesh to limit the extra 
computational time



Neumann BC

12

Dirichlet BC



Asymptotic boundary conditions (BCs)
mixed BC to impose on a circular outer boundary

13

• solution inside: finite elements
• solution outside: asymptotic solution of the problem at hand on a circular shell, e.g. for a 

magnetic vector potential formulation

• magnitude  of harmonic decreases quickly with distance, only the leading harmonic is 
kept for describing the open field solution

• substituting into the complete solution, we have

a(r, ✓) =
1X

m=1

am
rm

cos(m✓ + ↵m)

a(r, ✓) ⇡ am
rm

cos(m✓ + ↵m)

@a

@r
= �m

am
rm+1

cos(m✓ + ↵m)

mixed BC@a

@r
+

m

r
a = 0
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Applying a Kelvin coordinate transformation for r>R>0, this homogeneous equation 
remains unaltered. 

 
r

r
c

 
1  (3.53) 

The magnetic equation can therefore still be used without changes in the 
transformed domain.  Both parts, the R-circle and the transformed domain are 
connected through binary boundary conditions (3.30). 
 
The homogeneous Dirichlet boundary condition at infinity is replaced by the 
enforcement of a fixed potential inside the ‘infinite’ computation domain. 
Similar transformations exist for half- or quarter-plane, applicable when symmetry 
can be used to reduce the model.  Figure 3.2 shows an example of such a set of 
meshes. 

 
Figure 3.2  Example of the two involved meshes, connected by ‘binary boundary 

conditions’, modelling an infinite air region by the Kelvin transformation 

3.2.8 Error estimators for loss computations 
Error estimators have to be chosen with the simulation aim in mind.  When the 
magnetic problem is a subproblem in a magnetic-thermal coupled problem, accurate 
loss computations and the material representations are important.  Therefore, in 
every region with losses, a dedicated error estimator related to the specific losses is 
to be chosen.  Table 3.2 summarises possible error estimators, specific for loss 
computations.  Other types of error estimators, for instance to enforce field 
continuities at material boundaries, exist as well [HAM3]. 
 

Kelvin transformation
• Strengths

o effects of the exterior region model exactly
o sparse matrix representation of the problem kept
o no special features in FE solver required

• exterior domain modelled by forcing a link between two circular regions:
o a circular region with devices of interest and surrounding air, where we actually want 

to compute the field (‘near field/internal’)
o an additional circular region representing the ‘far field/external’

• periodic boundary constraints between the two circles to enforce the continuity of the 
local quantity of interest (e.g MVP)

• the additional circular region models exactly the infinity space solution, but on a bounded 
domain

14

near field

far field
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3.2.8 Error estimators for loss computations 
Error estimators have to be chosen with the simulation aim in mind.  When the 
magnetic problem is a subproblem in a magnetic-thermal coupled problem, accurate 
loss computations and the material representations are important.  Therefore, in 
every region with losses, a dedicated error estimator related to the specific losses is 
to be chosen.  Table 3.2 summarises possible error estimators, specific for loss 
computations.  Other types of error estimators, for instance to enforce field 
continuities at material boundaries, exist as well [HAM3]. 
 

Kelvin transformation (cond’d)
• ‘far field/exterior’ region with homogeneous material

govern by

• ‘near field/interior’ region is a circle of radius r0, ‘far field’ 
is everything outside

• Map unbounded region onto a bounded region by
defining in the mapped space

15

near field

far field
1

r

@

@r

✓
r
@a

@r

◆
+

1

r2
@2a

@�2
= 0�a = 0

R =
r20
r

polar coordinates

1

R

@

@R

✓
R
@a

@R

◆
+

1

R2

@2a

@�2
= 0

• the field at any point can always be recovered by applying an inverse mapping
• Axisymmetry, Dirichlet or Neumann BCs simulated by modifying material parameters 

(e.g. permeabilty) 



Shell transformation
17

Jacobian 
matrix of the 
mapping

This transformation applies to shells that are:
cylindrical

Parallelepipedic
(or trapezoidal) 

spherical

Map unbounded region into a shell

determinant

XI � CI = (yi � Cj)�Ij F (Rint, Rext, r(yj))

F (Rint, Rext, r) =

✓
Rint(Rext �Rint)

r(Rext � r)

◆p dF

dr
= �✓

F

r
, ✓ =

Rext � 2r

p(Rext � r)

{XI = X,Y, Z}
{yj = x, y, z}
CI = Cj�Ij

r(yi) =
p
(x� Cx)2 + (y � Cy)2

r(yi) = (yk � Ck)

r(yi) =
p
(x� Cx)2 + (y � Cy)2 + (z � Cz)2

⇤I
j =

0

@
1� ✓nx@xr � ✓nx@yr � ✓nx@zr
� ✓ny@xr 1� ✓ny@yr � ✓ny@zr
� ✓nz@xr � ✓nz@yr 1� ✓nz@zr

1

A ni =
yi � Ci

r

⇤shell(Rint, Rext, r) = F 2(1� ✓)

E ¼ r jJjð Þ J; with r jJjð Þ ¼ Ec

Jc
jJj
Jc

! "n$1

; (5)

where Jc is the critical current density, Ec = 10$4 [V/m] is the critical electric field, and n is
the creep exponent.

We work with the H-f formulation and split the magnetic field into the applied and the
reaction components:

H ¼ Ha þ h; (6)

whereHa 2 L2 Xð Þ and h belongs to the space F1
h :

F1
h ¼ h 2 L2 Xð Þ;r& h 2 L2 Xð Þ;n& hjC ¼ 0

# $
; (7)

with, n, the unit normal vector of C. Note that, in the non-conducting domain X\Xc, which is
simply connected, one has J = 0. Thus, from (4), h can be written as h ¼ $rf , where f is
the magnetic potential, which is set to 0 onC.

Figure 2.
Illustration of the
different shapes of
transformation shells

Notes: (a) Trapezoïdal, (b) spherical
and (c) unidirectional shells. Panel (d)
illustrates a domain truncation. All
geometries are shown in two
dimensions for the sake of clarity.
Conducting domains (i.e.,
superconductors) are coloured in red,
shell domains are coloured in blue,
while domains which are not
transformed are shown in white. In
each case, the boundary conditions
are applied on the outermost
boundary. In (c), the central white
domain contains one mesh layer, both
surrounding white domains contain
N
a
 layers each, and each blue domain

contains N
sh

 layers

(a) (b)

(c) (d)
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18Spherical shell

Parallelepipedic or trapezoidal shell



Discrete mathematical structure
Whitney elements
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Discrete mathematical structure
Replace the continuous spaces (infinite dimension) by discrete spaces (finite dimension)

H
1
h(⌦)

oo //

gradh

✏✏

L
2(⌦)
OO

dive

Hh(curl;⌦) oo //

curlh
✏✏

He(div;⌦)
OO

curle

Hh(div;⌦) oo //

divh

✏✏

He(curl;⌦)
OO

grade

L
2(⌦) oo // H

1
e (⌦)

W 0(G) oo //

grad

✏✏

W 3(G)
OO

div

W 1(G) oo //

curl
✏✏

W 2(G)
OO

curl

W 2(G) oo //

div
✏✏

W 1(G)
OO

grad

W 3(G) oo // W 0(G)

W
0(G) ⇢ H

1(G)
W

1(G) ⇢ H(curl;G)
W

2(G) ⇢ H(div;G)
W

3(G) ⇢ L
2(G)

local function spaces on
geometrical element G
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The Whitney complex

0

0

0

0

W p(G) is the finite dimensional subspace spanned by the p-Whitney elements
on G. They satisfy the property of conformity:



22

• set of linearly independent basis/shape functions and weighting functions (also 
called test and trial functions)

• commonly piecewise polynomial
• defined at a structured or unstructured grid/mesh
• compact support
• scalar or vectorial functions

Finite elements

u(x) ⇡ uh(x) =
NX

i=1

uisi(x)

F 0(⌦) = span{s1(x), s2(x), . . . sN (x)}



25Typical FE elements in 2D and 3D
First order

https://www.comsol.com/multiphysics/finite-element-method

https://www.comsol.com/multiphysics/finite-element-method
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The Whitney elements

0-form
nodal BF

1-form
edge BF

2-form
facet BF

3-form
volume BF

Finite element (G,⌃, S):
X geometrical element G
X ⌃ = set of N Dofs

X S function of finite dimension N
Let us consider a mesh of ⌦ formed by geometrical elements G
with nodes N , edges E , faces F , volumes V,

The Whitney elements of order p are expressed as

wn0,··· ,np = p!
pX

j=0

(�1)m&nmgrad &n0⇥· · ·⇥grad &nm�1⇥grad &nm+1⇥· · ·⇥grad &np

with &n(x) barycentric weight of x with respect to node n in G



28The Whitney elements  of order 0
Nodal elements

0-form
nodal BF

wn = &n

with n 2 N (node set)

span space W 0(G)

X piecewise linear continuous:
first order scalar Lagrange finite elements

X discretisation of scalar fields

X wn = 1 at node n, 0 at other nodes

X wn = 1 is continuous across faces

The interpolation of a function u is given by

u ⇡ uh =
X

xi2N
uiwi

with ui = ↵i(u) = u(xi)



The Whitney elements of order 0
Nodal elements on a line

Numerical	Modelling	of	ElectroMagne3c	Devices,	2020-2021,	BruFacE,	J.	Gyselinck	 14	

BFs	and	conductance	matrix	G	

1D	Electrokine.cs	–	3-wire	problem	

w2(x)
<latexit sha1_base64="Tco0eZu/dcwNfPUBke/TVRzfTgI="></latexit>

w1(x)
<latexit sha1_base64="j2OKVHqV3Hp3894zqciMKTcW2GU="></latexit>

w3(x)
<latexit sha1_base64="q0dJ4rKXqU/uuJ/24ic6U08iVWQ="></latexit>

w4(x)
<latexit sha1_base64="0VUwmaShelDLCo1FDc06RaL1r0Y="></latexit>

gradwj(x) =

8
<

:

+1
�1
0

x̂

<latexit sha1_base64="aCX2GXiVfA11rNLl7uCWh19AZwY="></latexit>

numbering	
of	DOFs		
as	in	GetDP	

Gij = LyLz

Z 3

0
�(x) gradwi · gradwj dx = 10

8
<

:

+1
�1
0

+ 50

8
<

:

+1
�1
0

+ 5

8
<

:

+1
�1
0

S

<latexit sha1_base64="kttTMfo2XHyhDML/ECau5wSHfb4="></latexit>



The Whitney elements of order 0
Nodal elements on a triangle



31The Whitney elements of order 1
Edge elements

1-form
edge BF

X Dof = circulations of field along edges of mesh

X discretisation of 1-forms, e.g. h, e

X tangential component continuous across faces

X circulation of we = 1 along edge e, 0 across other edges

we = w{m,n} = &m grad &n � &n grad &m,

with e 2 E (edge set)

span space W 1(G)

The interpolation of a function u is given by

u ⇡ uh =
X

e2E
uewe

with ue = ↵e(u) =

Z

e
u · dl , 8e 2 E



Edge elements on a triangle
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donne le nom de maillage à ce découpage de l’espace.

Sur chacune des petites régions de l’espace, appelée élément et notée �K , on cherche la
meilleure représentation possible du champ magnétique dans un espace fonctionnel composé
de NK fonctions de base linéairement indépendantes, notées �K

j
. Autrement dit, on cherche à

déterminer les coe�cients hK

j
, dans l’expression du champ magnétique sur un élément, donné

par

H|�K =
NKÿ

i=j

hK

j
�K

j
. (5.24)

Le choix des fonctions de base �K

j
doit se faire de façon à respecter la nature physique

de la variable que l’on veut représenter. Pour décrire H, on utilise des éléments d’arêtes
(aussi appelés éléments de Nédélec) qui assurent la continuité de la composante tangentielle
du champ magnétique à l’interface entre deux éléments [55]. Les NK = 3 éléments d’arête
triangulaires d’ordre 1 sont illustrées à la Fig. 5.1b.

Au niveau du problème global, on considère que �j est une fonction de base définie par
morceau qui vaut �K

j
sur �K et zéro ailleurs. Ainsi, on peut écrire la solution globale comme

Figure 5.1 La méthode des EF implique une double discrétisation. a) Le domaine �C , borné
par la frontière � = �H fi�E, est discrétisée en petites régions à géométrie simple �K , appelées
éléments ; b) L’espace fonctionnel dans lequel est exprimée la solution sur un élément est
discrétisée avec un ensemble de fonctions de base �K

i
linéairement indépendantes. Ici sont

illustrées les NK = 3 éléments d’arête triangulaires d’ordre 1.



33Whitney elements of order 2
Face elements

2-form
facet BF

X Dof = flux through faces of mesh

X discretisation of 2-forms, e.g. b, j

X normal component continuous across interfaces

X flux of wf = 1 across face, 0 across other faces of G

wf = w{l,m,n} =

2 (&l grad &m ⇥ grad &n � &m grad &l ⇥ grad &n + &n grad &l ⇥ grad &m)

The interpolation of a function u is given by

u ⇡ uh =
X

f2F
ufwf

with uf = ↵f (u) =

Z

f
u · n ds , 8f 2 F



Face elements on a tetrahedron



35Whitney elements of order 3
Volume elements

3-form
volume BF

wv = w{k,l,m,n} = 6 (&k grad &l ⇥ grad &m ⇥ grad &n � &l grad &k ⇥ grad &m ⇥ grad &n+

&n grad &k ⇥ grad &l ⇥ grad &m � &n grad &k ⇥ grad &l ⇥ grad &m)

with v = {k, l,m, n} 2 V (volume set)

span space W 3(G)
The interpolation of a function u is given by

u ⇡ uh =
X

v2V
uvwv

with uv = ↵v(u) =

Z

v
u dv

X piecewise constant functions

X Dof = integration over its volume

X discretisation of densities

X P
wv = 1 over the volume of G , 0 over other volumes
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Conformity
X Nodal elements: Conforming finite elements (in H

1(⌦)) interpolate
scalar fields that are continuous across any interface.
Discretisation of scalar quantities: potentials ', v, temperature. . .

X Edge elements: Curl-conforming finite elements (in H(curl;⌦)) ensure
the continuity of the tangential component of the field.
Discretisation of the magnetic field h, the magnetic vector potential a or
the electric field e.

Z

@S
h · ⌧̂ dl =

Z

S
(j + @td) · n̂ ds

Z

@S
e · ⌧̂ dl = �

Z

S
@tb · n̂ ds

n̂⇥ (h2 � h1)|S = js
n̂⇥ (e2 � e1)|S = 0



X Face elements: Div-conforming FEs (in H(div;⌦)) ensure the continu-
ity of the normal component of the interpolated field. Discretisation
of magnetic flux density b, current density j or electric flux density d.

X Volume elements: FEs in L2(⌦) do not impose any continuity (discontinuous)
between elements on the interpolated field. Discretisation of quantities
that may vary from one element to the other e.g. the electric charge
density ⇢.

37

Conformity

Z

S
b · n̂ ds = 0

Z

S
d · n̂ ds =

Z

V
⇢ dv

Z

S
j · n̂ ds = 0

n̂ · (b2 � b1)|S = 0

n̂ · (d2 � d1)|S = ⇢s

Z

S
d · n̂ ds =

Z

V
⇢ dv
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Table 4.1
Finite element spaces of Whitney forms.

D H(D,Ω) Vh(D) ⊂ H(D,Ω) FE space Reference

grad
H1(Ω)
H1

0 (Ω)
Vh(grad) linear Lagrangian FE [13]

curl
H(curl,Ω)
H0(curl,Ω)

Vh(curl) edge elements [29]

div
H(div,Ω)
H0(div,Ω)

Vh(div) face elements [29]

0
L2(Ω)
L2

0(Ω)
Vh(0) p.w. constants

Fig. 4.1. Symbolic notation for local degrees of freedom for Vh(grad), Vh(curl), Vh(div), and
Vh(0) (left to right).

These discrete potentials can even be chosen in a stable manner: with constants
depending only on Ω, D, and the shape regularity of Th,

∀vh ∈ Vh(D0) : ∃ph ∈ Vh(D−) : vh = D−ph and ‖ph‖L2(Ω) ! ‖vh‖L2(Ω) .
(4.2)

For face elements this is a consequence of discrete Poincaré-type inequalities for
Vh(curl); see [21, Theorem 4.7]. For D = curl and D− = grad, (4.2) is just standard
Poincaré–Friedrichs inequalities in H1(Ω)/R and H1

0 (Ω), respectively.

All the finite element spaces Vh(D) are equipped with bases B(D) comprising
locally supported functions; see [21, section 3.2]. These bases are L2-stable in the
sense that

vh =
∑

b∈B(D)

vb, vb ∈ span{b},
∑

b∈B(D)

‖vb‖2
L2(Ω) ≈ ‖vh‖2

L2(Ω) ∀vh ∈ Vh(D),

(4.3)

with constants1 depending only on the shape regularity of Th; see [24, section 2].

The spaces Vh(D) also feature idempotent nodal interpolation operators ΠD
h whose

range is Vh(D). In the case D = grad this is plain linear interpolation. For D = curl

1By the symbols ≈, !, and " we designate two- or one-sided inequalities, respectively, that hold
up to multiplication of one side with a positive constant. In inequalities involving norms on function
spaces this constant must not depend on the choice of functions. It may not depend on other problem
and discretization parameters, and this will always be made clear.
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(or node elements)


