
Magnetodynamic formulations and 
discretization



Magnetodynamics 
or magneto-quasi-statics (MQS)
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Displacement currents neglected with regard to eddy currents

Distribution of magnetic field and eddy currents due to moving magnets and time 
variable sources
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Ampère’s law 
verified in a 
strong sense

nodal BF

edge BF

facet BF

volume BF
nodal BF

edge BF

facet BF

volume BF

Faraday’s law verified 
in a weak sense

resistivity

h� ' formulation
h magnetic field
' magnetic scalar potential

curl e = �@tb, curlh = j, div b = 0

�grad' =

curlh =

h = hs + hr with

⇢
curlhs = js
curlhr = 0

⇢ =
1

�

In non conduction domain:

curl ⇢ curlh+ @t(µh) = 0 in ⌦c

div
⇣
µ(hs � grad')

⌘
= 0 in ⌦C

c
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curl e = �@tb, curlh = j, div b = 0

t� grad! =

curl t = Faraday’s law verified 
in a weak sense

t� ! formulation
t electric vector potential
! magnetic scalar potential

curl (⇢ curl t) + @t
�
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= 0 in ⌦c

div
�
µ(t� grad!)

�
= 0 in ⌦C

c

resistivity ⇢ =
1

�

+ Gauge in ⌦
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curl e = �@tb, curlh = j, div b = 0

a⇤ formulation
a⇤ magnetic vector potential

reluctivity ⌫ =
1

µ= div b

= curla⇤

= �@ta⇤

Faraday’s law verified 
in a strong sense

Ampère’s law verified in 
a weak sense

curl ⌫curla⇤ + �@ta
⇤ = js

+ Gauge in ⌦C
c
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curl e = �@tb, curlh = j, div b = 0

reluctivity ⌫ =
1

µ= div b

Faraday’s law verified 
in a strong sense

Ampère’s law verified in 
a weak sense

a� v formulation
a magnetic vector potential
v electric scalar potential potential

= curla

= �@ta� grad v

curl ⌫curla+ �(@ta+ grad v) = js

div
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� �(@ta+ grad v)
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find a⇤ such that
Z

⌦

⇣
curl (⌫curla⇤) + �@ta

⇤
⌘
·wi d⌦ =
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⌦
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holds 8wi
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Spatial discretization — magnetodynamics
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weighted residual approach

with given

We want to find the modified magnetic vector potential a⇤(x) in ⌦

js(x) imposed electric current density
⌫(x) reluctivity > 0 in part of the domain
�(x) sigma > 0 in part of the domain

We integrate the equation weighted by (vectorial) weighting or test functions
wi(x) over the whole domain ⌦:

curl (⌫curla⇤) + �@ta
⇤ = js
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curl (⌫curla⇤) + �@ta
⇤ = js
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find a⇤ such that
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Spatial discretization — magnetodynamics (II)
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Weak formulation

integration by parts 
Green formula

only the first derivative of the MVP is now required

divergence theorem

Z

⌦

⇣
div (⌫ curla⇤⇥wi) + ⌫ curla⇤ ·curlwi + �@ta

⇤ ·wi

⌘
d⌦ =

Z

⌦
js ·wi d⌦

v = wi

u = ⌫ curla⇤

u = ⌫ curla⇤ ⇥wi

v · curlu� u · curlv = div (u⇥ v)

Z

⌦
divu d⌦ =

I

�
u d� , d� = nd�
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Spatial discretization — magnetodynamics (III)
9

essential BC natural BC

⌦ = ⌦c [ ⌦C
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n · b = bn

�Dir

�Neu

n⇥ h = ht

a⇤⇥ n = a⇤
Dir⇥ n () b · n = bn

Dirichlet BC at �Dir

Homogeneus Neumann BC at �Neu

ht = ⌫ curla⇤⇥ n = 0

= 0 = 0

8wi(x) : wi ⇥ n = 0



Spatial discretization — magnetodynamics (IV)
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a⇤(x) ⇡ a⇤
h(x) =

NX

j=1

ujsj

sj(x)⇥ n = 0 at �Dir

Ritz-Galerkin method
Petrov-Galerkin method

⇢
sj(x) shape functions
uj scalar unknowns, Dofs

sj(x) = wj(x)

sj(x) 6= wj(x)
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[kij ][uj ] + [mij ][@tuj ] = [fi]

K and M symmetric, semi-positive-definite



Spatial discretization — magnetodynamics (V)
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FE matrix system

X

j

⇣
uj

Z

⌦
⌫ curlwj ·curlwi d⌦+ @tuj

Z

⌦
�wj ·wi d⌦

⌘
=

Z

⌦
js ·wi d⌦

X

j

⇣
uj

X

p

X

q

cipcjq

Z

⌦
⌫ zq ·zpd⌦+ @tuj

Z

⌦
�wj ·wi d⌦

⌘
=

Z

⌦
js ·wi d⌦

Aj M⌫
pq M�

ij J s
i

eCM⌫CA+M�@tA = J s

curlwj =
X

q

cjqzq

<latexit sha1_base64="DWR2gd3VIiNOFpVx8WWqaYW5Zb0="></latexit>

edge BFs



Inserting boundary conditions
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potentials living at Dirichlet
boundaries

eliminate known potentials

matrix system is shrank 

unconstraint system

adding constraints leads to
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⇤



Boundary conditions
Duality between formulations
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electric BC
“flux wall”
“current gate”

magnetic BC
“flux gate”
“current wall”

definition et ht

electric current jn 6= 0 jn = 0

magnetic flux bn = 0 bn 6= 0

magnetic vector b-conform
potential formulation

Dirichlet BC Neumann BC

magnetic scalar h-conform
potential formulation

Neumann BC Dirichlet BC



Boundary conditions (II)
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electric current density

values to impose 
at symmetry planes

magnetic flux density 
or induction

et = 0 bn = 0
x

y

z



From 3D to 2D models
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j = (0, 0, jz(x))

b = (bx(x), by(x), 0)

h = (hx(x), hy(x), 0)

a = (0, 0, az(x))

b = curla = (@yaz,�@xaz, 0)

h = ⌫ curla = ⌫ (@yaz,�@xaz, 0)

j = (0, 0, @xhy � @yhx) = (0, 0, js,z � �@taz)

div b = @xbx + @yby = @2
xyaz � @2

xyaz = 0

curl (⌫curla) + �@ta = js

�@x(⌫@xaz)� @y(⌫@yaz) + �@taz = js,z



2D spatial discretization
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ẑ

we = &m grad &n � &n grad &m
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ẑ



Physical meaning of MVP & FE equations
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It"is"the"difference"in"MVP"az"values"that"is"relevant"and"that"has"a"very"simple"physical"meaning."
Considering"two"points"1"and"2"in"the"xy"plane,"the"MVP"difference,"i.e."az,1Jaz,2,"is"equal"to"the"flux"
(in"Wb/m,"meter"along"the"zJaxis)"going"through"any"curve"connec0ng"these"two"points."Thanks"to"the"
perfect"flux"conserva0on"when"using"the"MVP,"this"can"indeed"be"any"curve;"this"also"applies"to"the"FE"
solu0on"(which"conserves"flux"perfectly)."
"
This"also"means/shows"that"a"constant"value"can"be"added"to"az"without"the"derived"physical"fields"
and"quan00es"being"affected."
"
As"a"result,"the"flux"linkage"of"a"coil"can"be"very"easily"calculated."A"coil"has"normally"two"sides"(one"
posi0ve,"one"nega0ve,"numbered"1"and"2"here),"in"which"the"ampere"turns"are"distributed"uniformly,"
as"a"pragma0c"modelling"approach."See"the"figure"in"which,"e.g.,"16"turns"are"shown,"with"a"certain"
asymmetry"(for"keeping"things"general)."The"connec0on"of"two"pairs"of"wires"(i.e."2"turns"out"of"16"in"
total)"is"indicated,"as"well"their"individual"flux"linkage.""
"
The"flux"linkage"of"the"coil,"Psi,"is"the"sum"of"the"flux"linkage"of"the"16"separate"turns.""
With"the"homogeniza0on,"the"flux"linkage"of"the"coil"is"then"the"difference"in"average"MVP"value"
mul0plied"by"the"number"of"turns,"see"the"formula."Note"that"the"resul0ng"flux"linkage"expression"and"
value"are"independent"of"the"precise"connec0on"of"the"wires!"
"
The"flux"linkage"of"the"coil"can"also"be"wriKen"in"matrix"form,"in"terms"of"a"K"vector"(column"matrix),"
the"A"vector"and"the"length"along"the"zJaxis"Lz."The"K"matrix"needs"to"be"transposed"for"the"matrix"
mul0plica0on"to"result"in"a"scalar"quan0ty.""
"
The"J"column"matrix"of"the"previous"slide"can"then"be"wriKen"as"the"product"K"I.""
"

17"

� = lz(az,1 � az,2)

Z

⌦
h · curlwi d⌦ =

I

Ci

h · d l = 0

The flux is given by difference of z-
MVPs multiplied by the axial length



Flux and flux linkage of a coil
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Coil with n=16 turns with two 
coil sides (+,-)
Flux of two turns is depicted
Current density, I A

� =
nX

k=1

�k

<latexit sha1_base64="S7ZZlO1G+aEg8tiLYLW9JHWio1Y="></latexit>

Total flux-linkage of 
the coil (Vs or Wb)

jz = ± nI

⌦± in ⌦coil = ⌦+ [ ⌦�

<latexit sha1_base64="NaI4kEwWqmm8zAtGm3ADCmNE+cQ="></latexit>

uniform current region 
per coil-side region, i.e. 
homogenisation

In	2D	FE	models,	a	coil	of	the	modelled	device	normally	shows	up	as	a	pair	of	coil	sides.	Each	coil	side	contains	n	conductors,	with	different	
orienta/on,	where	n	is	the	number	of	turns.	Each	coil	side	has	a	certain	fill	factor	(copper	sec/on	divided	by	total	sec/on,	so	always	smaller	

than	100%,	in	prac/ce	e.g.	50%).	The	conductors	are	distributed	more	or	less	uniformly.	nI	is	the	number	of	ampere-turns.	

	

The	example	(figure)	is	a	bit	general	as	the	coil	sides	have	a	somewhat	different	shape.	Two	turns,	e.g.	numbered	3	and	6,	are	shown	in	red.	
Each	turn	has	a	certain	flux-linkage.	The	flux-linkage	of	the	coil	is	the	sum	of	the	n	individual	flux-linkages.	

	

The	pragma/c	modelling	approach	regarding	the	coil	consists	in	homogenizing	it.	This	means	that	enveloping	coil-side	regions	are	defined	in	

the	2D	model,	in	which	uniform	current	density	is	considered.	This	means	that	the	turns	and	conductors	are	not	modelled	(meshed)	

separately.	

	
It	is	most	useful	to	define	the	1A	current	density	of	the	coil,	for	2	reasons:	1)	for	calcula/ng	the	flux-linkage	of	the	coil	(on	the	basis	of	the	FE	

solu/on	az,	for	which	the	SAE	with	s/ffness	matric	S	needs	to	be	solved),	and	2)	for	a	slight	reformula/on	of	this	SAE,	see	the	next	slide.	

	

The	handy	unit	of	flux-linkage	is	Vs,	as,	most	importantly,	the	/me	deriva/ve	of	flux-linkage	is	induced	voltage.	

	
The	picture	on	the	right	shows	the	cross-sec/on	of	the	(laminated)	core	of	a	transformer	and	of	its	primary	and	secondary	windings.	

	

	

11	

jz,1A = ± n

⌦± in ⌦coil = ⌦+ [ ⌦�
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homogenised
1D current density (1/m2)

 = lz

Z

⌦coil

az jz,1A d⌦
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flux-linkage (in Vs) from a 
FE solution in terms of MVP

In	2D	FE	models,	a	coil	of	the	modelled	device	normally	shows	up	as	a	pair	of	coil	sides.	Each	coil	side	contains	n	conductors,	with	different	
orienta/on,	where	n	is	the	number	of	turns.	Each	coil	side	has	a	certain	fill	factor	(copper	sec/on	divided	by	total	sec/on,	so	always	smaller	

than	100%,	in	prac/ce	e.g.	50%).	The	conductors	are	distributed	more	or	less	uniformly.	nI	is	the	number	of	ampere-turns.	

	

The	example	(figure)	is	a	bit	general	as	the	coil	sides	have	a	somewhat	different	shape.	Two	turns,	e.g.	numbered	3	and	6,	are	shown	in	red.	
Each	turn	has	a	certain	flux-linkage.	The	flux-linkage	of	the	coil	is	the	sum	of	the	n	individual	flux-linkages.	

	

The	pragma/c	modelling	approach	regarding	the	coil	consists	in	homogenizing	it.	This	means	that	enveloping	coil-side	regions	are	defined	in	

the	2D	model,	in	which	uniform	current	density	is	considered.	This	means	that	the	turns	and	conductors	are	not	modelled	(meshed)	

separately.	

	
It	is	most	useful	to	define	the	1A	current	density	of	the	coil,	for	2	reasons:	1)	for	calcula/ng	the	flux-linkage	of	the	coil	(on	the	basis	of	the	FE	

solu/on	az,	for	which	the	SAE	with	s/ffness	matric	S	needs	to	be	solved),	and	2)	for	a	slight	reformula/on	of	this	SAE,	see	the	next	slide.	

	

The	handy	unit	of	flux-linkage	is	Vs,	as,	most	importantly,	the	/me	deriva/ve	of	flux-linkage	is	induced	voltage.	

	
The	picture	on	the	right	shows	the	cross-sec/on	of	the	(laminated)	core	of	a	transformer	and	of	its	primary	and	secondary	windings.	
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In	2D	FE	models,	a	coil	of	the	modelled	device	normally	shows	up	as	a	pair	of	coil	sides.	Each	coil	side	contains	n	conductors,	with	different	
orienta/on,	where	n	is	the	number	of	turns.	Each	coil	side	has	a	certain	fill	factor	(copper	sec/on	divided	by	total	sec/on,	so	always	smaller	

than	100%,	in	prac/ce	e.g.	50%).	The	conductors	are	distributed	more	or	less	uniformly.	nI	is	the	number	of	ampere-turns.	

	

The	example	(figure)	is	a	bit	general	as	the	coil	sides	have	a	somewhat	different	shape.	Two	turns,	e.g.	numbered	3	and	6,	are	shown	in	red.	
Each	turn	has	a	certain	flux-linkage.	The	flux-linkage	of	the	coil	is	the	sum	of	the	n	individual	flux-linkages.	

	

The	pragma/c	modelling	approach	regarding	the	coil	consists	in	homogenizing	it.	This	means	that	enveloping	coil-side	regions	are	defined	in	

the	2D	model,	in	which	uniform	current	density	is	considered.	This	means	that	the	turns	and	conductors	are	not	modelled	(meshed)	

separately.	

	
It	is	most	useful	to	define	the	1A	current	density	of	the	coil,	for	2	reasons:	1)	for	calcula/ng	the	flux-linkage	of	the	coil	(on	the	basis	of	the	FE	

solu/on	az,	for	which	the	SAE	with	s/ffness	matric	S	needs	to	be	solved),	and	2)	for	a	slight	reformula/on	of	this	SAE,	see	the	next	slide.	

	

The	handy	unit	of	flux-linkage	is	Vs,	as,	most	importantly,	the	/me	deriva/ve	of	flux-linkage	is	induced	voltage.	

	
The	picture	on	the	right	shows	the	cross-sec/on	of	the	(laminated)	core	of	a	transformer	and	of	its	primary	and	secondary	windings.	
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jz,1A = ± n

⌦± in ⌦coil = ⌦+ [ ⌦�
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 = lz

Z

⌦coil

az jz,1A d⌦
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SA = J
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The	coil	is	characterized	by	the	1A	current-density	func/on	jz1A	(defined	in	the	domain	Omega_coil).	
	
The	right-hand	side	of	the	SAE,	column	matrix	J,	can	be	rewri4en	in	a	straighoorward	way	in	terms	of	a	new	column	matrix	K	and	current	I.	
	
K	depends	on	our	jz1A.	
	
Do	not	mix	up	bold	and	non-bold	w’s	!!	

12	

Ji =

Z

⌦
j ·wi d⌦
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Ki =

Z

⌦
jz,1A wi d⌦

<latexit sha1_base64="OGl9RSV00K097XrF55OiWRVODnA="></latexit>

SA = KI
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jz = jz,1AI
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2D Coil model — example electrical machine
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with S the area of the slot
and Ni the number of turns of the windingj = (0, 0, jz)

t⌦+
s
=

Ni

S
ẑ

t⌦�
s
= �Ni

S
ẑ

 =

Z

⌦s

a · t̂ dS

=
Ni

S

Z

⌦+
s

az dS � Ni

S

Z

⌦�
s

az dS

⌦+
s

⌦�
s



Coil model (cont’d)
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t̂ tangent vector
from geometry

induced voltage ⇠ flux linkage

what flux is linked?

for a single path � =

I

�
a dl

for a coil

X integrating along the coil
X average of the coil cross-section

 =
n

Scoil

Z

Scoil

a · t̂ dS

t̂ current direction vector
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cuts inductors
stranded massive foiled

sources in
⌦s 2 ⌦C

c

⌦m,⌦f 2 ⌦c
X imposed current or voltage

) js unknown
(
curlhs = js in ⌦s

curlhs = 0 in ⌦C
s

hs computed via FEs
hs not unique

t̂ tangent vector
from geometry

stranded inductors (Ni turns) ⌦s 2 ⌦C
c

X imposed current density js = is(t) t̂
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massivestranded

homogeneous 
distribution

non-homogeneous 
distributioncuts inductors

stranded massive foiled

sources in
⌦s 2 ⌦C

c

⌦m,⌦f 2 ⌦c

massive inductors ⌦m 2 ⌦c
Z

�g,i

e · dl = Vi

Z

�g,i

n · j ds = Ii



Electromagnetic analysis. Main difficulties

The core of the machine is a laminated media composed of isolated thin plates

(less than 1 mm). Very fine meshes need to be used (several geometric scales).

The material of the laminate has nonlinear magnetic behavior.

Stator: coils and laminated core.

Multi-turn windings and eddy current effects
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Gelamelleerde rotorkern

Rotorstaven

 Figuur  3.18 Rotor opgebouwd uit staven – Kooirotor 

 

 
Foto Siemens 

 
 

X = 2X = 0.25

magnetic core                                        
with a 3 mm 
central air-gap

⌦c = 1mm2, � = 0.65
� = 6107 S/m µr = 1000

Homogenization methods are 
indispensable!

significant EC effect, affecting 
visibly the flux lines
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How to validate the winding losses?
Winding loss measurement

30

Why? � Experimental validation
� Better understanding of the mechanism

How? � Winding resistance
� Impedance analyzer on 2 windings + measure on the device as it is

What? Frequency-dependent winding resistance matrix (e.g. R11, R22, R12)

Conventionally: DUT with tightly-coupled winding

- =
Total resistance Core-loss resistance Winding resistance - =
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Fig. 5. Flux lines in winding domain for (left) and (right).

Fig. 6. Equivalent resistance and inductance versus reduced frequency .

Fig. 7. Magnetic energy in the winding domain versus time obtained with both
the fine model and the 3-D homogenized model .

We compare global frequency and time-domain quantities re-
lated to the energy and the power given by (2) for the axisym-
metric 2-D FE fine model and by (3), (13), and (14) for the 3-D
FE homogenized model.

The equivalent resistance and inductance of the
winding are derived from frequency-domain calculations with
both models. An excellent agreement is observed in Fig. 6.
Mainly due to the proximity effect, the eddy-current losses
increase substantially with frequency, whereas the inductance
decreases slightly.

Time-stepping simulations with imposed sinusoidal current
of fundamental frequency (fundamental period

s) are carried out. The magnetic energy and the
total joule losses in the winding as a function of time (one pe-
riod, time step ) are shown in Figs. 7 and 8. As
expected from Figs. 2 and 3, is not enough, additional
induction vector unknowns are necessary. The accuracy of the
homogenization becomes excellent with .

With the 3-D homogenized model and , one time step
takes 40 s (59 569 unknowns) with a direct LU solver on a Pen-
tium M, 2.28 GHz. A brute-force 3-D model would require a
much finer mesh (average element size in the winding ),
what would be beyond practical limits. This is a fortiori the case
when no symmetry can be exploited.

Fig. 8. Joule losses versus time obtained with both the fine model and the 3-D
homogenized model .

V. CONCLUSION

The proposed time-domain homogenization method allows
accounting for the skin and proximity effects in a 3-D FE model
of a winding with high precision and at an affordable compu-
tational cost. Its application, though validated with an axisym-
metric test case, is general.

An elementary and computationally cheap 2-D FE model is
first used to characterize the winding type by four dimensionless
frequency-dependent coefficients. In the time domain, a small
symmetric and tridiagonal matrix must be fitted.

In the frequency domain, the coefficients are directly used
in the FE model by adopting complex and frequency-depen-
dent values for the resistance and the reluctivity. The 3-D time-
domain extension requires a limited number of additional un-
knowns in the plane of the conductor cross-section.
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Permanent magnet
Scalar & linear model
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Very simple magnetic model
✓ resulting flux approximately aligned
✓ operation point in linear range

hm hc h

b
br

demagnetization

coercive field

remanent field

max(bh) is measure 
for energy content

PM materials

ni ni

iron iron

δlP M

B

Br, µ0

magnet
permanent

B
coil

µ0lPM Br/µ0

(ni)PM =

equivalent

ni ni

iron iron

δlP M

B

Br, µ0

magnet
permanent

B
coil

µ0lPM Br/µ0

(ni)PM =

equivalent

b = br + µh

h = hm + ⌫ b
magnetization current

MVP formulation

2D

�@x(⌫@xaz)� @y(⌫@yaz) =

jz � @xhm,y + @yhm,x

curl (⌫curla) = j � curlhm


