
Time-harmonic and transient simulation
Higher harmonics in electro/magneto-quasi-static models due to
• excitations, switches, nonlinear/hysteretic materials, moving parts
simulated by
• frequency domain (time-harmonic, multi-harmonic)
• time integration
• combinations (e.g. enveloped method)



Type of problems/models
• Full wave models 

(wave propagation problems)

o (non)linear materials 
o frequency dependence
o (un)structured grids
o time- and frequency-domain
o explicit time integration

• Magneto-quasi-statics (MQS), 
electro-quasi-statics (EQS), Darwin 
models/formulations (EMQS)

o (non)linear materials
o magnitude dependence
o unstructured grids
o time- and frequency domain
o implicit time integration

2

Maxwell’s equations



Phasors — Energy and power (reminder!)
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4

Phasor fields

Magnetic vector potential formulation

time domain (MVP is a real vector)

frequency domain (MVP is a complex vector)

Magnetic vector potential

a(x, y, z, t) = (ax(x, y, z, t), ay(x, y, z, t), az(x, y, z, t))

= Re
�
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Static field
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Pulsating field
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Rotating field
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Coil: massive vs stranded conductor
8

Massive conductor Stranded conductor

V = 1mV I = 1mV



PWM 
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Time integration for spatially discretized PDEs
10

• Discretizing the spatial derivatives in PDEs, we get a (coupled) system of (nonlinear) 
ODEs. Methods to integrate ODEs can then be directly applied for the time integration of 
spatially discretized PDEs

• Four simple schemes to estimate the time integral by approximate quadrature
o Explicit or forward Euler
o Implicit or backward Euler
o Midpoint rule (basis leapfrog)
o Trapezoid rule (basis Crank-Nicholson)

 

7ZR�OHYHO�PHWKRGV�IRU�WLPH�LQWHJUDWLRQ�RI��
�VSDWLDOO\�GLVFUHWL]HG��3'(V  

ವ�)RXU�VLPSOH�VFKHPHV�WR�HVWLPDWH�WKH�WLPH�LQWHJUDO�E\�DSSUR[LPDWH�TXDGUDWXUH  
n �1  n �1dI  t dI� n�1 n

t 

( , t ) ; with  I t0  I0 �� dt   I� �I  � f ( , ) � f I� ( )  t I� dt  ³ ³dt  dttn  tn 

5HPLQGHU�RQ�JOREDO�HUURU�RUGHU��
�� (XOHU�PHWKRGV�DUH�RI�RUGHU���
�� 0LGSRLQW�UXOH�DQG�7UDSH]RLG�UXOH�DUH��
RI�RUGHU��  

�� 2UGHU�Q� �WUXQFDWLRQ�HUURU�FDQFHOV�LI��
WUXH�VROXWLRQ�LV�SRO\QRPLDO�RI�RUGHU�Q  

ದ�([SOLFLW�RU�)RUZDUG�(XOHU��

ದ�,PSOLFLW�RU�EDFNZDUG�(XOHU��

ದ�0LGSRLQW�UXOH��EDVLV�IRU�WKH�OHDSIURJ�PHWKRG���

ದ�7UDSH]RLG�UXOH��EDVLV�IRU�&UDQN�1LFKROVRQ�PHWKRG���

1 

1 1 
1 

1  1/2  
1/2 

1 1 
1 

) 

( , ) 

( , ) 
1 ( ,  )  (  ,  )
2 

n n n 
n 

n n n 
n 

n n n 
n 

n n n n 
n n 

t  
f t  t  

I� I� I�� ( ,f t  

f t  t  

f t  f t  t  

I� I� I�
I� I� I�

I� I� I� I�

��

�� ��
��

�� ��
��

�� ��
��

 � '�

��  � '�

��  � '�

ª� º��  � �� '¬� ¼�

ವ�6RPH�FRPPHQWV  

ದ�$OO�RI�WKHVH�PHWKRGV�DUH�WZR�OHYHO�PHWKRGV��LQYROYH�WZR�WLPHV�DQG�DUH�DW�EHVW��QG�RUGHU��
ದ�$OO�H[FHSWHG�IRUZDUG�(XOHU�DUH�LPSOLFLW�PHWKRGV�

��ದ�7UDSH]RLG�UXOH�RIWHQ�\LHOGV�VROXWLRQV�WKDW�RVFLOODWHV��EXW�LPSOLFLW�(XOHU�WHQGV�WR�EHKDYH�ZHOO�
����  1XPHULFDO�)OXLG�0HFKDQLFV� 3)-/��/HFWXUH������ ���

18

f

t0 t0+∆t

t

f

t0 t0+∆t

t

f

t0 t0+∆t

t

f

t0 t0+∆t

t

*UDSKV�VKRZLQJ�WKH�DSSUR[LPDWLRQ�RI�WKH�WLPH�LQWHJUDO�RI�I�W��XVLQJ�WKH�PLGSRLQW�UXOH��
WUDSH]RLGDO�UXOH��LPSOLFLW�(XOHU��DQG�H[SOLFLW�(XOHU�PHWKRGV��,PDJH�E\�0,7�2SHQ&RXUVH:DUH�

midpoint rule trapezoidal rule implicit Euler explicit Euler

�n+1��n = f(tn,�n)�t

�n+1��n = f(tn+1,�n+1)�t

�n+1��n = f(tn+1/2,�n+1/2)�t

�n+1��n =
1

2

⇥
f(tn,�n)+f(tn+1,�n+1)

⇤
�t

d�

dt
= f(t,�) with �(t0) = �0 ()

Z tn+1

tn

d�

dt
dt = �n+1��n =

Z tn+1

tn

f(t,�)dt



Theta methods
11

• We consider methods of the form, 

with parameter 
• If , we recover explicit or forward Euler method
• If , then the theta method is implicit: Each time step requires the solution of N 

(nonlinear) algebraic equations for the unknown 
• If , we recover the implicit or backward Euler method (damps quickly numerical 

oscillations)
• If            , we have the trapezoidal rule (Crack-Nicholson). Theoretically optimal for linear 

problems, but it may oscillate
• If             , we have the so-called Galerkin choice, derived from a weighted residual 

approach instead of finite differences
• Solution of nonlinear algebraic equations can be done by iteration

�n+1 = �n +�t
⇥
✓f(tn+1,�n+1) + (1� ✓)f(tn,�n)

⇤
, n = 0, 1, . . .
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Runge-Kutta methods and 
Multistep/multipoint methods 

12

• Higher accuracy in time by using available information (known values of the 
derivative in time, i.e. the RHS) at more time steps. Two main approaches:
o Runge-Kutta Methods

• Additional points between tn and tn+1, for computational convenience
• Difficulty: nth order RK requires n evaluations of the first derivative (RHS of PDE) => 

more expensive
o Multistep/Multipoint Methods

• Additional points are at past time steps at which data has already been computed,  
hence for comparable order, less expensive than RK methods

• These methods are difficulty to start
• For a given order, RK methods are more accurate and stable than multipoint 

methods



Adaptive time step
Step-up converter

13

reject time step

yes no

time step predictor

smaller time steps[Benderskaya, Clemens, De Gersem]

https://gitlab.onelab.info/getdp/getdp/-/wikis/Adaptive-time-integration



Multi-rate partial differential equations
MPDEs

14

Disadvantages of classical time discretization:
• fastest change in signal has to be resolved
• the higher the frequency, the slower the simulation

• DC to DC converter
• Output voltage controlled by duty cycle of PWM
• Voltage is stepped down while current is stepped up
• Higher frequency => smaller ripples

Splitting solution in fast & slowly varying parts
⇒ Multirate Partial Differential Equation (MPDE)
Using a-priori knowledge: periodic pulsed excitation



Types of errors
Accuracy improvement



Types of errors
16

• Errors in the formulation of the problem to be solved 
o Simplifications/assumptions of the mathematical model

• Errors in the input data, given e.g. by measurements, lack of knowledge of material 
parameters (no provided by manufacturer)...

• Approximation errors
o Discretization errors
o Convergence error (iterations, nonlinear iterations)
o Discretization/convergence errors may be assessed by an 

analysis of the method used 
• Round-off errors appear everywhere in a numerical computation due to the finite 

precision arithmetic. This kind of errors are quite erratic



Error estimation
17

• Error is problem (field/formulation) dependent. It can be estimated
o A priori: function of the finite element formulation and type, associated functional 

spaces, mesh quality (geometric)
o A posteriori: once the solution is available, it may involve some post-processing

• Error estimator may differ locally
o e.g. (non-)conducting region
o e.g. (non-)magnetic region

• Adequate scaling is necessary to be able to compare (relative error preferred)
• Examples of error estimators: 

local field values, local field values weighted with energy, energy densities, 
losses, continuity conditions, …

• Error propagation is an issue in computations with several stages



Accuracy enhancement
18

When error in certain region is too large, we may improve accuracy by
• h-adaptation: local mesh refinement around critical areas (element size h↓)
• p-adaptation: higher-order finite elements (polynomial degree p↑)

o reformulate problem with alternative element type
o use of “hierarchical elements”

• hp-adaptation/hp-FEM: combination elements of variable size (h) and polynomial 
degree (p) 

• The finite element method converges exponentially fast when the mesh is refined 
using a suitable combination h-refinements (dividing elements into smaller ones) 
and p-refinements (increasing their polynomial degree)

✏ ⇡ O
�
h
p+1

�



Adaptation/refinement examples
19

• h-adaptation == mesh refinement
o good for singularities & material inhomogeneities
o bad for boundary layers

• p-adaptation == higher order elements
o bad for singularities & material inhomogeneities
o good for boundary layers and shocks
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A priori mesh refinement
20

• based on a prediction of the behavior of the PDE
• material distribution
• sources
• boundary conditions



A posteriori mesh refinement
21

create initial mesh 

compute solution 

modelling & pre-processing 

post-processing 

convergence ? 

error estimation 

mesh refinement 

relative difference of a global 
quantity (energy, losses) 
smaller than e.g. 1%) 

• based on error estimation on a previously 
obtained solution
• intermediate solutions
• deterministic/heuristic error estimators



Dual formulations
22

e.g. magnetostatic problem

h x

W

magnetic vector potential formulation 

magnetic scalar potential formulation 

• two FE solutions per step -> expensive
• comparison of the difference in each element
• reliable error estimator
• “superconvergent” solution

k µhs � µgrad'+ curla k⌦e

�div (µgrad') = �div (µhs)

curlhs = js

curl ⌫curla = js



Dual formulations

Z. Tang , Y. Le Menach, E. Creusé , S. Nicaise , F. Piriou, N. Nemitz, Residual and Equilibrated Error Estimators for 
Magnetostatic Problems Solved by Finite Element Method, IEEE Trans. Mag., Vol. 49, No. 12, 2013
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TABLE I
SIMULATION TIME (SECOND) AND ESTIMATION TIME (SECOND) OF THE RESIDUAL BASED ESTIMATOR FOR FIVE SUCCESSIVE MESHES

Fig. 5. Mesh of the problem Team Workshop 13.

Fig. 6. Zoom of mesh of the problem Team Workshop 13.

zeros, as theoretical expected, because the complexity of the res-
olution is , and the complexity of the estimation is o(N).

B. Team Workshop 13
In order to extend the analysis of these estimators, the Team

Workshop 13 is considered [23]. The computation model con-
sists in an exciting coil between two steel channels, with a steel
plate inserted between the channels. The mesh is presented in
Fig. 5. To obtain a satisfactory solution, the thickness of the plate
is discretized using two elements. A zoom of the mesh with re-
gard to the air-gap is shown in Fig. 6.
On Fig. 7, the residual estimator map for , and for the

equilibrated estimator are shown in the iron plate. On Fig. 8,
only the highest values are presented for all estimators. And the
zoom out of these estimator maps in one corner are shown on
Fig. 9.

Fig. 7. Local estimator maps in iron plate for problem Team Workshop 13.
(a) ; (b) ; (c) .

It should be noticed that for all estimators, the errors are lo-
cated in the iron sheet and around the air-gap. In these condi-
tions, the errors in the coil can be neglected. For the residual
estimators the error is mainly due to the term (see (21) and
(26)) evaluating the conservation of fields between elements.
As a result, the errors are enhanced in areas on the border of the
sheet where the fields have strong discontinuities.
For the formulation the estimator indicates an error on

the borders of the sheet but the error is very concentrated around
the air gap. For the formulation the estimator shows an
error on the corner of the sheet and near the air-gap. In fact in the
corner, themagnetic field inside the plate induces, because of the

TANG et al.: RESIDUAL AND EQUILIBRATED ERROR ESTIMATORS FOR MAGNETOSTATIC PROBLEMS SOLVED BY FINITE ELEMENT METHOD 5721

Fig. 8. Map of the concentration of all maximum values of the estimated errors
(25%–100%) (a) ; (b) ; (c)

conservation of the tangential component of imposed by the
formulation, too much magnetic field in the element located

in the air. The equilibrated estimator corresponds to
a mix of the residual estimators. However, the maximal values
are also localized around the air gap as .

C. Electrical Machine
To test the capability of the estimator on a model of elec-

trical machine, we consider a 6-4 Variable Reluctance Machine
(VRM). The mesh of the machine is presented in Fig. 10.
Of course, the distribution of magnetic fields changes ac-

cording to the position of the rotor. In our case the position is
kept but the supply current changes to obtain two different dis-
tributions of the magnetic flux. For the first one called supply D,
two coils are supplied in the same way as shown in Fig. 11(a).
The obtained flux is placed in the way of easy magnetization.

Fig. 9. Zoom out of the estimator map. (a) ; (b) ; (c) .

Fig. 10. Mesh of the electrical machine.

For the second supply (called Q) the current in coils are oppo-
site as shown in Fig. 11(b). The flux is put in the way of difficult
magnetization. Both distributions of the magnetic flux are com-
puted in Fig. 12.
Consequently, the distribution of the estimated errors depends

on the kind of supply. On Fig. 13 all figures on the left corre-
spond to the supply D and all the figures on the right correspond
to the supply Q. Only the maximal values are shown. For the
supply Q, the energy in the system is smaller because the reluc-
tance is greater.
It should be noticed that, as expected, the error estimators

indicate an important numerical error around the air-gap.
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Hierarchical (or embedded) solution
24

• obtain solution at lower order
• compare this solution to local higher order solutions (e.g. error)
• reliable
• cheap
• does not detect singularities



A posteriori-error estimation
Electrokinetic/electrostatic problem

25

coarse mesh fine mesh

electric scalar potential

electric field along top electrode

large error  
large local correction



A posteriori error estimation
Magnetostatics Magnetodynamics

26
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Heuristic error estimation
27

• mark element for refinement
when energy, losses, saturation beyond threshold

• mark element for refinement
when difference of flux, voltage, induced current with neighbouring elements 
beyond threshold

• mark element for refinement
when size, aspect ratio beyond threshold

• restrict number of new elements to be created in every mesh adaptation step
• not always reliable (skilled simulation engineers)
• very cheap
• allows to manually guide mesh adaptation



Some error estimators
28

Region Estimator Discussion

ferromagnetic 
region (core)

solid conductor

stranded 
conductor

permanent 
magnet

surrounding air, 
air gaps

flux density changes (and iron losses); square form 
emphasizes iron losses (& smoothes b )

current density changes (and Joule losses), eddy 
currents in conducting regions->skin effect

induction variation<->leakage field; stranded 
inductors with constant current but σ still depends 
on T

induction changes<->irreversible demagnetization; 
measure of eddy current loss in conducting 
magnets (& smoothes b )

leakage flux, force and torque computation

|�j|, |�j|2, |�j|2

�(T )

|�b|, |�b|2, |�b|2

W

|�b|, |�j|2

�(T )

|�b|

|�b|



Solving nonlinear problems
Successive substitution (also called Picard method)
Newton method (also called Newton-Raphson method)
Magneto-static application example



When do we have nonlinearities?
30

• Nonlinear material behavior 
o purely electromagnetic, i.e. nonlinear constitutive law 

• e.g. ferromagnetic saturation, hysteresis
o depending on other physics 

• e.g. conductivity/permeability as a function of temperature
• Nonlinear boundary conditions

• e.g. radiation conditions
• Nonlinear terms in multi-physical coupled models 

• e.g. electromagnetic forces in an electro/magneto-mechanical model 
• e.g. joule losses in an electro-thermal model 

• Optimization problems

⇢ = ⇢0(1 + ↵(T � T0))
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Figure 1.7: (left): Typical b °h loops for soft and hard magnetic materials. (right): Typical b °h loops mea-
sured for easy and hard directions of magnetization on a sample having significant magnetic anisotropy.

virgin curves, can vary greatly from one magnetic material to another. The materi-
als are classified according to the values taken by the parameters that affect the b °h
diagram, such as the coercive field for example.

A qualitative representation of the difference between hysteresis loops for soft and
hard magnetic materials is given in Fig. 1.7 (left).

Soft-magnetic materials are those materials that are easily magnetized or demagne-
tized, with a relatively low coercive field hc of 1 to 100 A/m. Their major hysteresis
cycle area is small. The iron-silicon alloys that are used in electrical motors or trans-
former cores, also known as electrical steels, are examples of such materials.

Conversely, hard-magnetic materials are those in which the coercive field is high, of
the order hc º 50 to 100 kA/m, with strong pinning of the domain walls. These materi-
als present a stable permanent source of magnetic field, nearly unaffected by external
actions. The area of their main hysteresis cycle is large. Permanent magnets are made
of this category of magnetic materials.

At this point, it is important to remember that field and magnetization are basically
vector quantities and that the scalar representation of hysteresis curve, based on field
intensity, gives an incomplete information on the magnetic behavior.

Actually, the magnetic properties of bulk materials observed at the macroscopic scale
are, in general, dependent on the direction in which they are measured, i.e. magnetic
anisotropy. There are several sources of anisotropy, either intrinsic to the material or
induced [47]. The magnetocrystalline anisotropy due to the crystal lattice configura-
tion, discussed in Appendix B-Section 1, and illustrated by Fig. B.2, is the most intrinsic
kind of anisotropy. The macroscopic anisotropy observed for a polycrystalline aggre-
gate comes from the average orientation of each individual crystal grain. The disposi-
tion of these grains can be favored in a certain direction, through different treatments,
such as magnetic annealing, plastic deformation or magnetic irradiation, that lead to
induced magnetic anisotropy. The stress state and the shape of the sample also have



Magneto-thermal problem => Demagnetisation
31

II. Travaux complémentaires 

Comite scientifique du LAMEL - 10 Novembre – EDF R&D, Saclay 25 

2. Aimants permanents 
¾ Maquettage avec FEMM (2D) 

 

Aimant 
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Magnetostatics
32

Ampère’s law 
verified in a 
strong sense

Faraday’s law 
verified in a 
strong sense

Distribution of static magnetic field due to magnets & continuous sources (DC)

“h side” “b side”
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Successive substitution (or fixed-point method)
33

Fixed point methods 
• reformulation of the problem
• linear problem at each iteration
• convergence condition
• if λ=1 Picard iteration
• linear convergence

curl ⌫(b) curla = js
b = curla

initial value a0

for n = 0, 1, . . . till convergence

compute bn = curlan

evaluate ⌫(bn)

solve curl (⌫(curlan)curlan+1) = js
an+1 = �an+1 + (1� �)an

end

Gi(a) = 0 , 8i



Successive substitution (cont’d)
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b
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hgiven h

p1

p2

p3

p4

p0

⌫0 ⌫1
⌫2

⌫3

⌫4

iterate ⌫
�
bn

�
bn+1 = hgiven

solve ⌫
�
b
�
b = hgiven



Newton method
35

Newton-Raphson methods 
• reformulation of the problem
• Taylor series
• Jacobian = first derivative 
• solve for the correction
• quadratic convergence

Taylor series

at each iteration
compute the correction

Jacobian matrix

Gi(a) = 0 , 8i

Gi(a
n) +

X

j

@Gi

@aj

�
an

�
�an+1

j + · · · = 0 , 8i


@Gi

@aj

�
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⇥
�an+1

j

⇤
= � [Gi]a=an
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@G

@a
(a) =


@Gi

@aj
(a)

�

a=an



Newton method (cont’d)
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reluctivity

differential reluctivity

b

h

@⌫

2b2
d⌫

db2

⌫

solve ⌫ (b) b = hgiven

solve G(b) = ⌫ (b) b� hgiven = 0

iterate
dG

db

���b=bn
�bn+1 = G

���b=bn

dG

db

���b=bn
=
d⌫

db
(bn)bn + ⌫(bn)

=
d⌫

db2
(bn)2b

2
n + ⌫(bn)

=
dh

db
(bn) = @⌫(bn)



Newton method (cont’d)
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b
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b2
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�
b
�
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iterate
dh
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�
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�
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Newton method (cont’d)
38

• graphical interpretation: we approximate the bh-curve by a tangent
• computing the Jacobian matrix maybe complicated

o analytical expression of the derivatives not always known
o numerical approximation by finite differences (e.g. perturbing the solution)

• quasi-Newton methods combine
o fixed point techniques for some iterations
o finite difference for evaluating the Jacobian

• complex harmonic systems require particular treatment when using Newton-type 
methods



Application — A three-phase transformer
39

Picard method
no convergence (relaxation = 0.5)
23 iterations (relaxation = 0.3)
35 iterations (relaxation = 0.2)
73 iterations (relaxation =0.1)

Newton-Raphson method
6 iterations (no relaxation)



Application — PM synchronous machine
40

Picard method
divergence (relaxation = 0.5)
no convergence (relaxation = 0.4, 0.3)
no convergence (relaxation = 0.2)
126 iterations (relaxation = 0.1)

Newton-Raphson method
11 iterations (no relaxation)



Nonlinear problems in GetDP
41

http://onelab.info/wiki/Nonlinear_problems_in_GetDP



Post-processing of electromagnetic 
quantities



Circuit parameters 
resistances, inductances, capacitances



Capacitance and resistance
44

• By applying basic concepts of electrostatic fields and conduction media, the 
capacitance and the resistance for complex geometric configurations read

• We can use the electrostatic energy for calculating C

• The Joule losses or power dissipated as heat in the conductive material 

C =

R
S d dSH
� e dl

=

R
S ✏ e dSH
� e dl

R =

H
� e dlR
S j dS

=

H
� e dlR

S � e dS

We =
1

2

Z

V
d · e dV =

1

2

Z

V
✏e2 dV =

1

2

Q2

C
=

1

2
CV 2 C =

2We

V 2

P =

Z

V
j · e dV =

Z

V
�e2 dV =

V 2

R
= I2R R =

V 2

P
=

P

I2



Capacitance matrix
45

Capacitance matrix

Electric energy

symmetric and positive definite


q1
q2

�
=


C11 C12

C21 C22

� 
u1

u2

�
q = Cu

We =
1

2

⇥
u1 u2

⇤ C11 C12

C21 C22

� 
u1

u2

�
We =

1

2
uTCu

We > 0, 8u 6= 0 ) C

uinf = 0
�q1 � q2



Resistance matrix
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Resistance matrix

Joule losses

symmetric and positive definite


u1

u2

�
=


R11 R12

R21 R22

� 
i1
i2

�

Pe =
1

2

⇥
i1 i2

⇤ R11 R12

R21 R22

� 
i1
i2

�

Pe > 0, 8i 6= 0 ) R

u = Ri

Pe =
1

2
iTRi

uinf = 0
�i1 � i2



Inductance matrix
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Inductance matrix

Magnetic energy

symmetric and positive definite


�1

�2

�
=


L11 L12

L21 L22

� 
i1
i2

�

Wm =
1

2

⇥
i1 i2

⇤ L11 L12

L21 L22

� 
i1
i2

�
Wm =

1

2
iTLi

� = Li

Wm > 0, 8i 6= 0 ) L

�inf = 0
�i1 � i2



Parameter extraction
48

• extract C, R and L directly from the FE matrices
(not further considered here)

• apply a few linearly independent excitations for voltages (C), currents (R) and 
currents (L) and compute charges (C), voltages (R) or fluxes (L)

• apply a few linearly independent excitations for voltages (C), currents (R) and 
currents (L) and compute the electric energy (C), the Joule losses (R)
or the magnetic energy (L)


q1
q2

�
=


C11 C12

C21 C22

� 
1V
0V

�
C11 =

q1
1V

C21 =
q2
1V

We =
1

2

⇥
1V 0V

⇤ C11 C12

C21 C22

� 
1V
0V

�
C11 =

2We

(1V)2



Analogy between scalar and vector potentials
in a transmission line

49

Electrostatics

Magnetostatics

C =
⇢l

Vr � Vl

L =
Azr �Azl

I



Parameter extraction
50

capacitance 
matrix

(parallel plate capacitor) 

resistance 
matrix

(straight conductor with 
constant cross section)

inductance 
matrix

(ideal solenoid)

Engineering Electromagnetics, W.H. Hayt, J.A. Buck,  Mc Graw Hill, 2012. 8th edition 

�div (✏ grad') = 0

C =

R
S ✏ e dSH
� e dl

C = ✏
S

d

CHAPTER 6 Capacitance 145

6.2 PARALLEL-PLATE CAPACITOR
We can apply the definition of capacitance to a simple two-conductor system in which
the conductors are identical, infinite parallel planes with separation d (Figure 6.2).
Choosing the lower conducting plane at z = 0 and the upper one at z = d , a uniform
sheet of surface charge ±ρS on each conductor leads to the uniform field [Section
2.5, Eq. (18)]

E = ρS

ε
az

where the permittivity of the homogeneous dielectric is ε, and

D = ρSaz

Note that this result could be obtained by applying the boundary condition at a
conducting surface (Eq. (18), Chapter 5) at either one of the plate surfaces. Referring
to the surfaces and their unit normal vectors in Fig. 6.2, where n# = az and nu = −az ,
we find on the lower plane:

D · n#

∣∣
z=0 = D · az = ρs ⇒ D = ρs az

On the upper plane, we get the same result

D · nu
∣∣
z=d = D · (−az) = −ρs ⇒ D = ρs az

This is a key advantage of the conductor boundary condition, in that we need to
apply it only to a single boundary to obtain the total field there (arising from all other
sources).

The potential difference between lower and upper planes is

V0 = −
∫ lower

upper
E · dL = −

∫ 0

d

ρS

ε
dz = ρS

ε
d

Since the total charge on either plane is infinite, the capacitance is infinite. A more
practical answer is obtained by considering planes, each of area S, whose linear
dimensions are much greater than their separation d . The electric field and charge

nu

nl

Figure 6.2 The problem of the parallel-plate
capacitor. The capacitance per square meter of
surface area is ε/d.

CHAPTER 5 Conductors and Dielectrics 117

Figure 5.3 Uniform current density J and electric field
intensity E in a cylindrical region of length L and cross-
sectional area S. Here V = I R, where R = L/σ S.

and

Vab = −
∫ a

b
E · dL = −E ·

∫ a

b
dL = −E · Lba

= E · Lab (11)

or

V = E L

Thus

J = I
S

= σE = σ
V
L

or

V = L
σ S

I

The ratio of the potential difference between the two ends of the cylinder to
the current entering the more positive end, however, is recognized from elementary
circuit theory as the resistance of the cylinder, and therefore

V = I R (12)

where

R = L
σ S

(13)

Equation (12) is, of course, known as Ohm’s law, and Eq. (13) enables us to compute
the resistance R, measured in ohms (abbreviated as "), of conducting objects which
possess uniform fields. If the fields are not uniform, the resistance may still be defined
as the ratio of V to I , where V is the potential difference between two specified
equipotential surfaces in the material and I is the total current crossing the more
positive surface into the material. From the general integral relationships in Eqs. (10)
and (11), and from Ohm’s law (8), we may write this general expression for resistance
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Figure 7.11 (a) An ideal solenoid of infinite length with a circular
current sheet K = Kaaφ . (b) An N-turn solenoid of finite length d.

If the solenoid has a finite length d and consists of N closely wound turns of a
filament that carries a current I (Figure 7.11b), then the field at points well within the
solenoid is given closely by

H = N I
d

az (well within the solenoid) (15)

The approximation is useful it if is not applied closer than two radii to the open ends,
nor closer to the solenoid surface than twice the separation between turns.

For the toroids shown in Figure 7.12, it can be shown that the magnetic field
intensity for the ideal case, Figure 7.12a, is

H = Ka
ρ0 − a

ρ
aφ (inside toroid) (16a)

H = 0 (outside) (16b)

For the N -turn toroid of Figure 7.12b, we have the good approximations,

H = NI
2πρ

aφ (inside toroid) (17a)

H = 0 (outside) (17b)

as long as we consider points removed from the toroidal surface by several times the
separation between turns.

Toroids having rectangular cross sections are also treated quite readily, as you
can see for yourself by trying Problem 7.14.

Accurate formulas for solenoids, toroids, and coils of other shapes are available
in Section 2 of the Standard Handbook for Electrical Engineers (see References for
Chapter 5).

�div (� grad') = 0

R =

H
� e dlR

S � e dS

1

R
= �

S

l

curl (⌫ curla) = j

L =
N�

I
= lz

R
Ss

a jsdS

I2

1

L
= ⌫

lm
Sm



Magnetic energy/Co-energy
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The magnetic energy and magnetic co-energy are two global quantities that can be used for the 
computation of inductances and forces

In the nonlinear case, 
energy & co-energy are 
NOT equal

In the linear case, energy and co-energy are numerically equal

W =

Z

⌦
d⌦

Z b

0
h db

Wco =

Z

⌦
d⌦

Z h

0
b dh

W = Wco =
1

2

Z

⌦
bh d⌦ =

1

2

Z

⌦
µh2 d⌦ =

1

2

Z

⌦

b2

µ
d⌦



Nonlinear case co-energy>>energy 
52

Nonlinear isotropic materials

Brauer expression

h = ⌫(b2)b b2 = b2x + b2y + b2z = b · b

⌫(b2) = k1 + k2e
k3b2

W (b) =

Z b

0
h(b0) db0 =

Z b2

0

1

2
⌫(b02) db02 =

1

2
k1b

2 +
1

2

k2
k3

⇣
ek3b

2�1
⌘

Wco(b) =

Z h(b)

0
b(h0) dh0 = hb�W (b) = ⌫(b2)b2 �W (b)

Numerical	modelling	of	electromagne1c	devices,	2020-2021,	BruFacE,	J.	Gyselinck	 1	

Electrical	steel	–	Intro	
2D	Magnetosta,cs	–	Satura,on	–	EI-inductor		

Mohammadi,	A.A.,	Pop,	A.C.	and	Gyselinck,	J.,	2020.	
An	Approach	for	the	BH	Curve	Iden,fica,on	of	
Magne,c	Core	of	Synchronous	Reluctance	Machines.	
IEEE	Trans.	on	Magne1cs,	57(1),	pp.1-8.	

b(h) = B0 atan
�

h

H0

�
+ ↵µ0h

<latexit sha1_base64="epQ1KtccArkM81fO1tujoiocbp8="></latexit>
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iron	losses	≈	3.30	W/kg	
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NL linear isotropic materials – differential reluctivity tensor
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Numerical	modelling	of	electromagne1c	devices,	2020-2021,	BruFacE,	J.	Gyselinck	 10	

NL	isotropic	materials	–	differen1al	reluc1vity	tensor	

2D	Magnetosta,cs	–	Satura,on	–	EI-inductor		

b2 = b2x + b2y

3D	implementa1on	in	GetDP:	
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NL	isotropic	materials	–	differen1al	reluc1vity	tensor	
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Simple winding model
55

homogenized current density in 2 
coil sides at @1A

n more or less regularly spaced series-
connected turns

flux linkage (Vs) in 2D model

end-turns

J. Gyselinck & A. Pop, Lausanne, Switzerland, 4-7 Sept. 2016    

2D static FE modelling – A bit of theory (10/12) 
Simple winding model 

11 

Ki =

Z

⌦w

jz,1A · wi d⌦
SA = K I

n more or less regularly spaced  
series-connected turns 

end-turns 

homogenized current density  
in 2 coil-sides @ 1A : 

jz,1A =
±n

⌦±
w

in ⌦w = ⌦+
w [ ⌦�

w

flux-linkage (Vs) in 2D FE model: 

end-turns 

(same K matrix -> reciprocity (symm. inductance matrix)) 
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(same K matrix -> reciprocity (symm. inductance matrix))



Inductance from flux linkage
56

• flux linkage model

{ Name Flux ; Value { Integral {
[ SymmetryFactor*LengthAlongZ*Idir[]*NbWires[]/SurfCoil[]* CompZ[{a}] ] ;
In Inds ; Jacobian Vol ; Integration I1 ; }

}}
{ Name Inductance_from_Flux ; Value { Term { Type Global;

[ $flux*1e3/II ] ; In DomainDummy ; } } } // register $flux contains the Flux

� =

Z

S
b dS =

I

@S
a dl

L =
n�

I
= lz

R
Ss

a jsdS

I2



Inductance from energy
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• energy model - linear material

W =

Z

⌦
d⌦

Z b

0
h db

L =
2W

(nI)2

{ Name MagEnergy ; Value { Integral { 
[ SymmetryFactor*LengthAlongZ* 1/2 *nu[{d a}]*{d a}*{d a} ] ;         
In Domain ; Jacobian Vol ; Integration I1 ; } 

} }
{ Name Inductance_from_MagEnergy ; Value { Term { Type Global; // in mH

[ 2*$wmag*1e3/(II*II) ] ; In DomainDummy ; } } } 
// register $wmag contains the energy



Inductance from co-energy
58

• co-energy model — nonlinear materials

• flux linkage

underestimation: if saturation, the 
variation of b becomes negligible
energy is bounded, co-energy not

Definition of the inductance?
Given the nonlinearity, its value is no 
longer constant, it depends on the current

Key quantity in nonlinear 
transient problems:
Differential inductance

b

h

Wco
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Force computation
Virtual work, Maxwell stress tensor



Magnetic force computation
Generalities

60

the magnetic field exerts a force on
• current (in coils, in conducting material in general) -> volume distribution, in N/m3

• on (ferro-) magnetic material  -> volume and surface distribution, N/m3 and N/m2

total magnetic force/torque computation methods
• volume/surface integration of Lorentz (Laplace) force density, 

for non-magnetic material only!
• numerical differentiation (finite difference) of energy or co-energy w.r.t. position
• local application of virtual-work principle 

(virtual distortion of layer of elements around volume/surface)
• surface/line integration of Maxwell stress tensor

+ approaches for averaging



Magnetic force computation
Force distribution vs total force/torque

61

3408 IEEE TRANSACTIONS ON MAGNETICS, VOL. 37, NO. 5, SEPTEMBER 2001

Fig. 2. Magnetic flux and force distribution, and deformation (with a magnification of 2000) of an SRM stator.

where the magnetic susceptibility is proportional to the mass
density ( ). This assumption leads to the following force
distribution by applying the virtual work principle (41):

(44)

which equals the Chu force density (7). By choosing as
the “exciting” field, cf., the Ampère model, i.e., by assuming
the following magnetostrictive behavior:

with (45)

the force density (41) equals the Ampère force density (25).
The difference between the Chu and Ampère force densities

(7) and (25) can thus be considered as a difference in magne-
tostrictive behavior. Indeed, if both magnetic forces (acting on
a long range) and magnetostriction, which is a local effect, are
taken into account, we can consider an equivalent force distri-
bution for calculating the deformation written as:

(46)

where is the magnetic long-range force distri-
bution and is a “force distribution” reflecting the
effects of magnetostriction, with a tensor which is a func-
tion of the magnetization to be determined experimentally.

According to (8), (10), (26), and (28), the difference between
the force distributions and is given by

(47)

and can thus be interpreted as a part of , such that the Chu
and Ampère models only differ in the formal division of into

and when both long-range magnetic forces and magne-
tostriction are considered.

V. APPLICATIONS

In free space ( ), all stress tensors which determine the
force distributions described above, given by (10), (18), (28),
(32), (37), etc., equal the well-known Maxwell stress tensor,
such that the total force and torque acting on a body surrounded
by free space are identical for all methods.
For illustrating the different force distributions, the various

force calculation methods have been implemented by using the
2-D finite element method and have been applied to a switched
reluctance motor (SRM) and a transformer core. Figs. 2 and 3
show some results of static simulations where methods 1 to 5
refer to the force distributions (7), (15), (25), (29)
and (38) respectively. For the SRM, the methods based
on the Chu model (methods 1 and 2) and on the virtual work
principle for nonlinear material (method 3) give rise to force

Authorized licensed use limited to: KU Leuven Libraries. Downloaded on August 26,2020 at 09:21:52 UTC from IEEE Xplore.  Restrictions apply. 

Application to an SRM 
in [Vandevelde2001]



f2D = j ⇥ b = �jzbyx̂� jzbxŷ
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Lorentz force
62

Lorentz force is simple to apply to compute the magnetic force acting on a 
current-carrying wire. Given the local value of current density and flux density, 
we can find the local force distribution and the total force: 

The total force on a close conductor 
is then obtained by integration, i.e.

integration over a volume
of non-magnetic conducting material

f = j ⇥ b = curlh⇥ b (N/m3)

F =

Z

⌦⇤
j ⇥ b d⌦ (N)

F =

Z

�
Idl⇥ b

b Idl

f = dF



Lorentz force – applications
63

In	the	2D	case	(with	transla'on	symmetry),	the	Lorentz	force	density	has	no	z-component,	so	it	is	in-plane	like	the	flux	density.	The	current	
density	is	out-of-plane,	as	a	trivial	reminder.	
	
In	the	very	classical	asisymmetric	loudspeaker	case,	the	current	(in	the	voice	coil)	is	tangen'al,	the	flux	density	produced	by	the	magnet	
radial	(in	the	airgap)	and	the	force	exerted	on	the	coil	(and	transmibed	to	the	membrane	or	diaphragm)	axial.		
	
Exercise:	10	*	2*pi*1e-2	*	0.1	*	1.1	=	0.0691	N	=	69.1	mN.	
	
Most	oeen	ferrite	magnets	are	used.	
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f = j ⇥ b = curlh⇥ b (N/m3)

F =

Z

⌦⇤
j ⇥ b d⌦ (N)

Levitation device – TEAM 28
• Aluminum disk above 2 concentric coils
• 50Hz sinusoidal current in two coils
• Induced currents in the disk

• The domains and the associated Physical regions.

• The piecewise functions linked to the material characteristics (e.g. permittivity, reluctivity).

• The constraints for the magnetic vector potential MVP 2D.

• The constraints for the source Current 2D. You need a time dependent function for the time-

domain computation.

• Estimate the total resistance of the windings of the two feeding coils with the given data

Resistance[].

• Any other missing data.

2 To include in the report

Besides the geo and the pro files you have created and modified, you should perform 1) a steady-state

computation in the frequency domain; and 2) a transient computation in the time domain. For these

two cases,

Steady-state computation with the levitating plate at stationary height z = 11.3mm:

• Post-processing map of the MVP (z-component), real and imaginary parts.

• Post-processing map of the magnetic induction, real and imaginary parts.

• Post-processing map of the electric current density (z-component), real and imaginary parts.

• Expected electromagnetic force.

• Force computation via Lorentz law and/or Maxwell stress tensor in post-processing of the FE

computation. Comment on the precision and validity of these two methods.

• Sensibility of the force computation to the mesh discretisation.

• Compute the resistive losses in the plate (average value).

Figure 2: Examples of maps, from left to right: the MVP, the magnetic induction and electric current

density (real parts)

Transient computation with the levitating plate at an initial position of z = 3.8mm:

• Write down the mechanical equation solved at each time step for determining the toroidal plate

position.

• Time-stepping simulation till equilibrium. How long does it take to get there? (in s, as the

number of time steps depends on �t).

2

f2D = j ⇥ b = �jzbyx̂� jzbxŷ
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Lorentz force – applications
TEAM 28 levitation device

64

The	computa'ons	in	[Sabariego]	have	been	done	in	the	frequency	domain,	as	1)	the	excita'on	is	sinusoidal,	2)	there	is	no	satura'on	and	3)	
the	plate	is	kept	at	a	fixed	posi'on.		
	
The	imposed	current	in	the	coils	is	real-valued.	The	induced	current	has	both	a	real	part	(in	phase	with	the	current)	and	an	imaginary	part	(in	
quadrature).	
	
The	current	density	in	the	plate	depends	on	the	frequency	(normally	50Hz)	and	on	the	posi'on.	At	1	kHz,	the	induced	current	has	a	big	
shielding	effect:	the	flux	lines	“have	a	problem”	going	through	the	plate.s	
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The levitating force on the aluminum plate
can be computed by Lorentz force

Results in 
[Sabariego2018]



Magnetic force computation – Virtual work
66

Principle used in conservative energy systems
It is based on the comparison of the energy balance between two different positions,
supposing a virtual movement along the direction where the force is computed

system with just 1 coil and just 1 generalised position DOF
• linear coordinate Y (m) and force (N)
• angular coordinate 𝜃 (rad) and torque (Nm)
• …

FY (I, Y ) = �@Wmag

@Y

����
 =cte

=
@Wmag,co

@Y

����
I=cte
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Magnetic force computation
Virtual work – linear case

67

Linear case (no saturation, no PMs, no induced currents)

For	sake	of	simplicity	of	nota'on	and	treatment,	we	consider	a	system	with	just	1	coil	and	just	1	generalised	posi'on	DOF,	and	no	PMs.	The	
associated	current	and	the	generalised	posi'on	are	normally	direct	input	parameters	for	the	FE	model	and	analysis.	
	
This	posi'on	coordinate	can	be	a	linear	one,	an	angular	one,	or	possibly	something	“exo'c”.	The	associated	generalised	force	is	such	that	the	
mul'plica'on	with	the	posi'on	DOF	(or	rather	change	of	posi'on)	gives	joules	(J),	i.e.	the	unit	of	mechanical	work.	
	
We	do	not	consider	deforma'on,	just	rigid	bodies	and	their	movement	(without	deforma'on),	as	a	reminder.	In	the	3D	case,	up	to	6	DOFs	
can	be	defined	for	the	posi'on	of	a	rigid	body	(3	linear	ones	and	3	angles	e.g.).	In	the	2D	case,	this	is	3	(2	linear	ones	and	one	angle	e.g.).	
	
In	case	of	a	linear	system	(without	PMs,	without	induced	currents),	the	flux-linkage	of	the	coil	is	propor'onal	to	the	current.	The	inductance	
thus	depends	only	on	the	posi'on	(and	not	on	the	current).	The	magne'c	energy	is	thus	propor'onal	to	the	current	squared.	In	case	of	FEA,	
the	magne'c	energy	(J)	can	be	obtained	by	integra'ng	the	energy	density	(J/m^3)	over	the	complete	domain.	
	
It	can	be	shown	(through	energy	considera'ons)	that	the	generalised	force	FY	(in	N,	Nm,	…)	is	equal	to	the	deriva've	of	the	magne'c	energy	
with	respect	to	posi'on	Y	(in	m,	rad,	…),	while	keeping	constant	current.	
This	deriva've	can	be	calculated	approximately	by	means	of	a	two-sided	finite	difference	(which	is	more	precise	than	a	single-sided	one).	In	
case	of	FE	analysis,	this	requires	two	separate	FE	calcula'ons,	with	one	par'cular	current	value	and	two	different	posi'ons.		
	
A	suitable	value	should	be	taken	for	Delta	Y,	given	the	(more	or	less	quick)	varia'on	of	Wmag	with	Y	and	given	the	(more	or	less	high)	
accuracy	of	the	FE	model	and	FEA.	
The	greater	the	varia'on	of	Wmag	with	Y,	the	smaller	Delta	Y	should	be,	on	the	one	hand.	
The	lower	the	accuracy	of	Wmag	obtained	with	the	FE	model,	the	greater	Delta	Y	should	be,	on	the	other	hand.	
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Magnetic force computation
Virtual work – nonlinear case

68

Nonlinear case (saturation, no PMs, no induced currents)
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Virtual work in trouble
70

• displacement should be enough for accuracy
• displacement should be large for stability

• typical procedure
o compute for many angle positions
o smooth curve by e.g., FFT filtering

o compute torque
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Virtual work implementation in GetDP
71

magnetic energy contained in layer of elements around the body  

boundary moves virtually up

volume to calculate force on



Maxwell stress tensor
72

• From Lorentz force we can write:
• developing this equation for e.g. the x component

• adding and subtracting and considering

f = j ⇥ b = curlh⇥ b = ⌫ curl b⇥ b
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Maxwell stress tensor (cont’d)
73

• The remaining expression 

• may be recognized as the divergence of a vector with components

• a similar development can be performed for the other components of the force
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Maxwell stress tensor (cont’d)
74

Maxwell stress tensor

force density

force

Using the divergence theorem, 
the volume integral is reduced to a surface integral

(N/m3)T =
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n outward normal to boundary S = @V



Maxwell stress tensor
75

• force on a plane
• normal force

• tangential force

F =

Z

V
divT dV =
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Maxwell stress tensor vs. virtual work
76

• MST needs only FE solution
• Loss of accuracy (based on derived values)

o Introduction of a contour around domain of interest -> additional error source
o Some round-off errors in calculation of contour coordinates
o Problem when normal and tangential components of the local flux densities 

differ by orders of magnitude -> Integration may involve the subtraction of large 
numbers

• Accuracy improved by 
o smoothing algorithms (e.g. averaging of results on different contours)
o different integration schemes



Eggshell method/Arkkio’s method
=> Averaging Maxwell stress tensor 

77

Z

V2Y
sEM : 7v ¼ 2

Z

›Y
n ·sEM · v; ð21Þ

because v ¼ 0 on X < ›V (clamped rigid parts) and rfEM ¼ 0 in Z < S (air). This
means that the contribution of the exterior of Y to the coupling term is completely
determined by the value of the velocity field on its boundary ›Y. Consequently, the
velocity field v is arbitrary in the interior of Z < S; but it must connect continuously
with v on ›Y, which is not zero. The velocity field blurs thus necessarily out of the
moving region. The idea of the eggshell approach is to set the velocity field to zero in Z,
confining the non-zero velocity field in the shell S, and of course in Y.

Let us now state that the moving piece Y is rigid and shifted by an infinitesimal
displacement du. The only region that deforms is S. The (virtual) velocity field
associated with that deformation, and its gradient are

v ¼ g d _u; 7v ¼ 7g d _u; ð22Þ
where g is any smooth function whose value is 1 on the inner surface of the shell and 0
on the outer surface. Using (16), one can write

_WEM ¼ 2F · d _u ¼
Z

S
sEM : 7v dS; ð23Þ

where F is the resultant force on Y, and finally, using equation (22), one gets

F ¼ 2

Z

S
sEM ·7g dS; ð24Þ

which is the eggshell formula for the EM resultant force on a rigid body. Only the
Maxwell stress tensor of empty space is required here. The formula applies in 2D and
in 3D. It applies also directly to dual formulations, provided one uses equation (17) for
the b-formulation and equation (18) for the h-formulation. The eggshell formula can be
seen as a generalized variant of Arkkio’s formula for torque in electrical machines
(Arkkio, 1987). The Coulomb’s technique to compute nodal EM forces (local derivative
of the Jacobian, Coulomb, 1983) can also be considered as the independent application

Figure 1.
Geometry of the c-core
and detail of the mesh in
the airgap

COMPEL
23,4

1000
⌦shell

⌦shell

⌦ = Y [ ⌦shell

Y

• remind that the aim of force computation is to determine the velocity/displacement of the 
moving parts

• eggshell region enclosing moving piece, non constant thickness
• set velocity to zero in Z, confining the non-zero velocity in the shell, and in Y
• (virtual) velocity associated with displacement 

• is any smooth function, 
= 1 on inner shell surface 
= 0 on outer shell surface

• integration of Maxwell stress tensor on an enclosing surface

⌦shell = ⌦� Y

v = �@tu , gradv = grad � @tu

F =

Z

⌦shell

T · grad � d⌦shell
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Linear actuator
78

Ex. paper Prof. De Gersem (TU Darmstadt) 
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Force computation in GetDP
Maxwell stress tensor

79

• PostProcessing $1= b
Tmax[] = (SquDyadicProduct[$1]-0.5*SquNorm[$1]*TensorDiag[1,1,1])/mu0 ;
{ Name F; Value { Integral { 

[ SymmetryFactor * Tmax[{d a}] * {d un} ] ; In DomainAirlayer ; Jacobian Vol ; Integration II ; } } } 
{ Name Fy ; Value { Term { Type Global; [ CompY[$fmag] ] ; In DomainDummy ; } } } 
// Magnetic force stored in run time variable $fmag, keeping just the Y component
// {d un} = {Grad un} => layer with arbitrary thickness, use smooth function un=Ɣ

• PostOperation
Print[ F[DomainAirlayer], OnGlobal, Format TimeTable, File  Fmax.dat , StoreInVariable $fmag, LastTimeStepOnly ]; 
// Save result of PostOperation in variable $fmag
Print[ Fy, OnRegion DomainDummy, Format TimeTable, LastTimeStepOnly,

SendToServer Force MST [N] , Color  LightYellow ]; // If translational movement, only the vertical component
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Losses
Joule losses, iron losses, dielectric 
losses...



Electromagnetic power
83

• Poynting vector

• Power exchanged with a volume (interior normal)

• Power density

magnetic conduction electric

s = e⇥ h

P =

I

@V
s · n ds = �

Z

V
div s dv =

Z

V
p dv

p = �div e⇥ h = �h · curl e+ e · curlh
) p = h · @tb+ e · j + e · @td



Eddy current/Joule losses
84

• In a conducting material submitted to time-varying field, loops of induced currents 
appear, i.e. eddy currents appear

• Skin effects

• Proximity effect

21

The current tends to flow at the surface due to skin- and proximity-effect 
(eddy-current) at high frequency (higher winding resistance and losses)

)UHTXHQF\�Ĺ�

Skin effect (induced internally by carrying AC current)

Proximity effect (induced by external field)
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21

The current tends to flow at the surface due to skin- and proximity-effect 
(eddy-current) at high frequency (higher winding resistance and losses)

)UHTXHQF\�Ĺ�

Skin effect (induced internally by carrying AC current)

Proximity effect (induced by external field)
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Current tends to flow at 
the surface due to skin 
& proximity effects

The higher the 
frequency, the higher 
the AC resistance

J. Biela, “Design, modelling and optimization of magnetic components for power electronics converters”, 2017 



Eddy current/Joule losses
85

• In a conducting material submitted to time-varying field, loops of induced currents 
appear, i.e. eddy currents appear

• Skin and proximity effects
• Eddy currents in conductors generate heat and EM forces

o Positive effects:
• heat may be used for induction heating
• EM forces may be used for levitation creating movement or for braking (regenerative)

o Undesirable effects: 
• power loss in transformers (laminated cores for reducing the eddy currents)
• hot spots in insulations

PJoule =
1

Vol(⌦c)

Z
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e · j d⌦ =
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Z
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j2
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Iron losses
86

In general, the magnetic losses are classified in 
• Hysteresis losses

discontinuous character at the microscopic scale of the 
magnetization process (energy loss by each 
Barkhausen jump)

• Dynamic losses
o Eddy current losses

conducting material submitted to time varying field
o Excess losses or anomalous losses

due to the existence of magnetic domains, that 
enhance eddy currents in the proximities of domain 
walls, magnetic skin effect

20 CHAPTER 1. STATE OF THE ART
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Figure 1.5: Typical magnetic hysteresis curve.

µ0h increases indefinitely. However, by abuse of language, the expression bsat is also
employed to denote the induction field at saturation that is defined as the saturation
value of the magnetic polarization Jsat, which gives formally

bsat = lim
h!1

°
b °µ0h

¢
= Jsat =µ0msat . (1.13)

Obvious practical limitations prevent the creation of infinitely large fields and the prac-
tical values msat, Jsat and bsat are then defined associated to a feasible applied field hsat,
above which the hysteresis properties no longer change. The major hysteresis loop of
the b°h curve is then made of two different ascending and descending magnetization
paths connecting the points (+hsat,+bsat) and (°hsat,°bsat), as in Fig. 1.5.

The Barkhausen effect, which causes discontinuous change in the magnetization pro-
cess due to irreversible jumps of domain walls, is illustrated in Fig. 1.5. However, it is
nearly impossible and mostly useless to try to give all details of the random nature of
the Barkhausen signal, such that this effect is usually averaged out in the b °h curve
description.

A minor hysteresis loop is any other cycle between field peak values with lower inten-
sity than the major loop. An example of asymmetric minor loop is shown in Fig. 1.5.

A return to the state of zero magnetization at zero field can be realized through ther-
mal agitation, by increasing momentarily the temperature of the sample above the
Curie point. The virgin curve depicted in Fig. 1.5 corresponds to the first magnetiza-
tion curve traversed when increasing the applied field starting from that demagnetized
state. Applying cycling field of variable amplitude centered to the demagnetized state
allows to generate a set of symmetric minor loops as in Fig. 1.6 (left). The curve con-
necting the reversal points of these minor loops, coincides for all practical cases with
the first magnetization curve or the so-called virgin curve.

 

8   

ferromagnétique devient paramagnétique [12] Ğƚ� ů͛ĂŝŵĂŶƚĂƚŝŽŶ� ĚĞƐ� ĂƚŽŵĞƐ� ǀĂ� ǀĂƌŝĞƌ�
aléatoirement. 

L'interaction entre différents domaines verra explicitée dans la section suivante, mais on peut 
d'ores et déjà mentionner l'existence de deux types de parois de domaine: parois de Néel et 
parois de Bloch [18]. La différence majeure entre elles est montrée à la figure 1.4. 

 
Figure 1.4: paroi à 180°  de Bloch (a.) et de Néel (b.). Source: [15]. 

Dans la plupart des cas (surtout lors des modélisations), on va considérer seulement 
l'existence de parois de domaine à 90° et de 180°, mais toutes les autres valeurs sont possibles, 
surtout si on prend en compte la rotation de ů͛ĂŝŵĂŶƚĂƚŝŽŶ [14]. 

 
Figure 1.5: représentation du déplacement de parois de domaine et la rotation de ů͛ĂŝŵĂŶƚĂƚŝŽŶ. Source: [15] 
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• Subdivision of material in magnetic 
domains

• Evolution of magnetisation 
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als, they are microscopic in size, about 1 to 100µm. Each domain is separated from a
neighbor by a transition zone in which the orientation of the magnetic moments grad-
ually changes from the magnetization direction in one domain to that in the other one.
This interface between adjacent domains is called the domain wall.
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Figure 1.3: Division of the magnetic material into magnetic domains at the mesoscopic scale [185].

The average magnetization of the entire medium is necessarily between 0 and ms . It
can change from 0 to ms under the application of a magnetic field, which implies a
complete modification of the distribution of the Weiss domains. Their number, their
shape, their size and the orientation of their local spontaneous magnetization can be
largely altered.

In theory, the origin of the magnetic domains and their motion can be understood
through micromagnetics. The magnetic domain structure comes from a complex and
delicate balance between several competing energy terms, which are briefly presented
and illustrated for the case of an ideal perfect monocrystalline sample in Appendix B-
Section 1.

However, in practice, it seems impossible to apply micromagnetics to describe real ma-
terials, for which structural disorder dominates. Indeed, as sketched in Appendix B-
Section 2, magnetic materials are generally polycrystalline materials, which means
that they are composed of many crystalline grains, with the presence of relatively punc-
tual defects, such as cavities, non-magnetic inclusions or dislocations in the crystallo-
graphic structure. This leads to random functions for the space-dependent parame-
ters involved in the micromagnetics energy terms, such that a huge number of local
minima, maxima and saddle points appear in the energy landscape, which makes the
energy minimization problem of micromagnetics excessively complex and intractable
for samples of size larger than microscopic scale. It is irrelevant to know all the fine
details of the microstructure in order to extract macroscopic magnetic behavior, such
that only general results of micromagnetics averaged over structural disorder are work-
able.

As a matter of fact, the magnetic domain pattern is strongly influenced by the pres-
ence of defects in the microstructure. A non-magnetic cavity in the material will tend
to capture a domain wall because this situation corresponds to a local minimum in
the magnetostatic energy, as presented in Appendix B-Section 2. A certain amount of
energy is then needed to allow the domain wall to move again from its position. This
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Figure 1.4: Evolution of the magnetization of a single crystal with its magnetic domain structure in pres-
ence of pinning sites for an applied magnetic field h of increasing amplitude from (a) to (f). After reversible
elastic bending of domain boundaries (a)-(b), the domain walls jump irreversibly between pinning sites (c)-
(d), increasing sharply the magnetization, until the material is magnetized uniformly to saturation where
reversible coherent rotation can ultimately take place (e)-(f) [185].

been previously magnetized at macroscopic scale, as illustrated in Fig. 1.4, is called the
first magnetization curve. When the field strength is then decreased, the magnetiza-
tion tends to remain unchanged due to the pinning of the current domain structure.
Therefore, the function b(h) deviates from the first magnetization curve due to the
irreversible processes involved in the magnetization. Cycling the magnetic field be-
tween opposite values makes the hysteresis form appear in the b(h) curve. A typical
hysteresis loop is represented at Fig. 1.5.

Because of hysteresis, the knowledge of h and b is not sufficient to completely describe
the magnetization state, which depends fundamentally on the magnetic domain struc-
ture. Indeed, it has been shown that the evolution of the domain structure for further
field changes differs according to the past history of the material. In that sense, the
material exhibits a sort of memory of the magnetization it has undergone.

The saturation states are particular magnetization states because they correspond to
situations where the domain structure is nearly deleted with only one domain left in
uniform magnetization, such that subsequent magnetization changes are indepen-
dent of the field history prior to saturation. Therefore, the major hysteresis loop that
is the loop obtained by cycling the field between opposite saturated states, as repre-
sented on Fig. 1.5, is generally employed to characterize magnetic materials.

Only the magnetization and the magnetic polarization can reach actual saturation val-
ues, denoted by msat or Jsat respectively, when the temperature approaches 0 K or if
h !1. There is no saturation of the induction field b since in (1.2) or (1.4), the term

reversible irreversible

Uniform magnetisation to 
saturation & rotation

Displacement of the walls 
of magnetic domains
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Figure 1.6: (left): Set of symmetric minor hysteresis loops with the reversal points connections on the virgin
curve, (right): Path history generated by a field with oscillating amplitude, slowly decreasing from infinity to
zero, around a constant bias field value. Other final points can be reached by repeating the operation under
different bias values. The locus of all these final points constitutes the anhysteretic curve (in dashed line).

A return to the demagnetized state can also be realized by applying an oscillating field
with an amplitude slowly decreasing from saturation to zero, in order to erase any
memory of previous magnetization states. A spiraling path is thus followed in the b°h
diagram which ends up at the origin in the demagnetized state. The procedure can
be extended by adding a constant field component to the slowly decreasing oscillating
field, as in Fig. 1.6 (right). The final state reached by the so-built converging spiral is
called an anhysteretic state, because it is a particular point in the b °h diagram that
is independent of prior history, and cleaned from hysteresis influence. The curve re-
sulting from the connection of the anhysteretic states obtained with different constant
bias field is called the anhysteretic curve. This curve, that should not be confused with
the virgin curve, is also drawn in Fig. 1.5, and provides somehow the skeleton around
which hysteresis establishes. In practice, the anhysteretic curve can be approximated
by taking the average between the ascending and the descending branches of the ma-
jor loop. The anhysteretic curve would be the magnetization curve followed by an ideal
material if domain walls were free to move through reversible transformations only.

The remanent induction field, br , indicated for the major loop in Fig. 1.5, represents
the induction that remains in the sample after h decreased to zero from a previous sat-
urated state above hsat. This characteristic parameter explains how a ferromagnet can
present a spontaneous magnetization, even in the absence of external applied fields.
The phenomenon of remanence also exists for maximum fields lower than hsat, but
then the induction which remains after disappearance of the field is lower than br , as
it is visible with symmetric minor loops in Fig. 1.6 (left).

The coercive field, hc , also shown in Fig. 1.5, is the magnetic field needed to cancel
the remanent induction. This gives an information on the field strength that must
be applied to a sample in order to reverse its magnetization. This value can be very
different depending on the material internal structure.

Actually, the b °h diagram, characterized by the major loop, the anhysteretic and the
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under periodic conditions with sinusoidal source

time average power dissipation:

the area within the hysteresis loop is the energy 
dissipated in one cycle

Sec.�11.6� Macroscopic�Electrical�Forces� 33�

Fig.�11.5.4� With�the�application�of�a�sinusoidal�magnetic�field�intensity,�a�
steady�state�is�reached�in�which�the�hysteresis�loop�shown�in�the�B− H�plane�
is�traced�out�in�the�direction�shown.�The�dashed�area�represents�the�energy�
density�associated�with�upward�traversal�from�A�to�C.�The�dotted�area�inside�
the�loop�represents�the�energy�density�dissipated�per�traversal�of�the�loop.�

trajectory�is�H (B),�gives�−
Z 
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∂B�

Z 
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H� dt�=� H δB�=� H� δB� (31)�
T/2�

· 
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The�time average power�dissipation,�(29),�then is�the�sum of�these two�contributions�
divided by�T .�

Pd� =
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H+δB�− 
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H� δB
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− 

Thus,�the�area�within�the hysteresis�loop�is�the�energy�dissipated�in�one�cycle.�

11.6�ELECTRICAL�FORCES�ON�MACROSCOPIC�MEDIA�

Electrical�forces�on�macroscopic�materials�have�their�origins�in�the�forces�exerted�on�
the�microscopic�particles�of�which�the�materials�are�composed.�Macroscopic�fields�
have been�used�to�describe�conduction, polarization,�and�magnetization.�In�Chaps.�
6, 7�and 9, polarization,�current,�and�magnetization�densities,�respectively, were�
related to the�macroscopic�field variables�through�constitutive laws. Typically, the�
parameters�in�these�laws�are�determined�from�measurements.�Thus,�the�experimen-
tally�determined�relations�make�it�unnecessary�to�take�detailed�account�of�how�the�
microscopic�fields�are�averaged.�

Because�the�definition�of�the�average�is�already�implicit�in�our�macroscopic�
formulation�of�Maxwell’s�equations,�we�must�now�take�care�that�our�use�of�macro-
scopic�field�quantities�for�representing�electromagnetic�forces�is�self-consistent.�The�
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SECTION 2. SIMPLE IRON LOSS MODELS
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Figure 1.8: Dynamic influence on the hysteresis loops measured on a specimen of a non-oriented iron-
silicon alloy under sinusoidal induction of 1 T amplitude at different frequencies [26].

The calculation and prediction of iron losses is a key factor in the design and opti-
mization process of electrical machines. These losses have a significant influence on
the energy efficiency of a machine. It is therefore desirable to have accurate, fast, and
easily implementable iron loss models in order to take into account their effect in the
preliminary simulation stages in the design process of new electrical machines, before
their manufacturing.

An overview of the most used iron loss models is presented in [134] and a very brief
summary is given hereafter. There exists a wide range of different iron loss models but
they can be sorted into two families. The first family consists of simple models that
neglect the hysteresis effect on the field distribution in the device and calculate the
losses a posteriori from a simple application of theoretical or experimental formulas.
The second family relies on hysteresis models that try to describe mathematically or
empirically the hysteresis characteristics of magnetic materials directly within the con-
stitutive law b(h) during the simulation of the device or machine. The iron losses are
then calculated by the enclosed area of the resulting hysteresis curves, through (1.17).

2. Simple Iron Loss Models

2.1. Approaches based on the Steinmetz Equation

The first group of models within the simple iron loss models family is based on the
Steinmetz equation (SE) [200] which establishes in its foundation a power law depen-
dence between the specific iron losses p, with the amplitude of the flux density b̂, and
the frequency f of a periodic signal,

p =CSE f Æb̂Ø , (1.18)

where CSE, Æ and Ø are empirical material-dependent coefficients that have to be de-
termined by fitting to measurement data. Strictly speaking, equation (1.18) is only
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• as a post-processing step 
e.g. by Steinmetz formula

• within a time-harmonic field simulation 
complex permeability

• within a transient simulation by a hysteresis model 
Preisach model (purely mathematical, not limited to EM)
Jiles-Atherton model (inspired by physics of material)
Energy-based models (1st and 2nd law of thermodynamics to represent 

hysteretic behaviour)
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Excess or anomalous losses
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• magnetic “skin effect” is neglected => dynamic losses are bigger than so-called classical 
losses

• magnetization process represented as a distribution of coercive fields locally associated 
with magnetic objects

• if we define an excess field as part of the external field applied to compensate the field 
created by the movement of the magnetic objects, the excess losses can be calculated 
by means

• friction coefficient G is the constant of proportionality between the excess field and the 
rate of change of magnetic flux

• parameter V0 is related to the number of magnetic objects and the excess field, linear 
relation (experimental)

Pex(t) = Pdyn(t)� Pcl(t)
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p
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1

m̂(hu ,hd )h = °ms , through a simple rectangular hysteresis loop, that translates a local
memory effect. The magnetic material is assumed to be composed of many such enti-
ties. The Preisach model is then built from a network of elementary operators con-
nected as shown in Fig. 1.9 (right). The output of these operators is multiplied by
a weight function ¡(hu ,hd ), which depends on hu and hd . The final output of the
Preisach model, i.e. the total magnetization m(t ) from the magnetic field input h(t ), is
defined from the integral of each weighted elementary contribution

m(t ) =
ZZ

hu∏hd

¡(hu ,hd )m̂(hu ,hd )h(t )dhudhd . (1.23)
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Figure 1.9: (left): Elementary relay hysteron of the Preisach model. (right): Bloc diagram of the Preisach
model that consists of many relay hysterons connected in parallel and summed with given weights.

The local memory effect of each operator generates a global memory effect, perfectly
adapted to describe magnetic materials. Preisach’s model can indeed be very accurate
and reflects well the magnetic hysteresis. In order to use the model in numerical sim-
ulations, the continuous form is changed to a discrete one by replacing the integrals
in (1.23) with sums. Due to the contribution of several hysterons, it requires a very
high computing power, because each state must be reevaluated if one of the opera-
tors changes state. Moreover, the Preisach model requires a relatively extensive mea-
surement campaign to produce the characteristic distribution function ¡(hu ,hd ) of a
material. The statistical nature, usually assumed, of this weighting function has no rig-
orous justification or experimental validation. Consequently, since the model has no
physical basis, it can only be used as a mathematical black-box, without any predictive
skill for magnetization processes simulated outside the measurement range. Never-
theless, this is the first model that has allowed the reconstitution of hysteresis cycles,
and it is at the base of many models that are among the most accurate today.

3.2. Play and Stop Models

A purely mathematical formalism has been developed to model the hysteresis phe-
nomenon by assembling simple operators, called hysterons, in the same spirit as the
Preisach decomposition. These elementary operators can be either play or stop hys-
teron types, and they correspond actually to the building blocks of the Prandtl-Ishlinskii
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42 CHAPTER 2. ENERGY-BASED HYSTERESIS MODEL

2

behind the passage from (2.21) to (2.22). This questioning also arises in thermome-
chanical frameworks [213] for constitutive models of dissipative materials, where it is
believed that this type of simplification can also be made [105], as it is sufficient to
provide satisfactory descriptions for a wide variety of materials.

The EB Hysteresis Model has a simple mechanical analogy formed by the parallel con-
nection of a spring and a sliding frictional element, as illustrated in Fig. 2.3 (left).
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Figure 2.3: 1D Mechanical analogy (left) and 3D pictorial representation (right) of one cell of the EB Model.

In this one-dimensional (1D) representation, the applied force corresponds to the ap-
plied magnetic field h while the elongation mimics the magnetic polarization J of the
material. In this model, the reversible part hrev and the irreversible part hirr act re-
spectively as spring force and friction force with their corresponding lumped element.
The friction slider unlocks when the applied field exceeds the threshold ∑, allowing the
spring to elongate and thus the magnetization to change, impacting on the Helmholtz
free energy f that is stored in the non-linear spring element.

Fig. 2.3 (right) gives another visual three-dimensional (3D) representation of the equa-
tion (2.22). The grey sphere of radius ∑ centred in hrev is the representation of all the
elements hirr of the subdifferential (2.20). While the tip of the applied field h remains
inside the sphere, one has |hirr| = |h°hrev| < ∑ such that the magnetization remains
constant, J̇ = 0, implying that the reversible field hrev stays unmodified so that the
sphere does not move. This situation illustrates the constancy of the magnetization
at a given value J even if the applied field h is changing. As soon as the extremity of
the vector h reaches the sphere, hrev changes and the sphere moves along with it in
order to verify condition (2.22). In this situation, the magnetization changes, J̇ 6= 0, and
verifies the evolution law

h° @ f
@J

°∑ J̇
|J̇|

= 0 . (2.23)

Fig. 2.4 displays the relation between magnetization and magnetic field with hysteresis
behaviour in the scalar case, i.e. when the fields are assumed to vary in the same di-
rection. The evolution equation (2.23) simplifies to h = @J f ±∑ respectively along the
ascending ( J̇ > 0) and descending ( J̇ < 0) branches of the magnetic polarization curve.
Minor loops and first magnetization curve are unrealistic horizontal lines ( J̇ = 0) link-
ing the branches of the major loop.
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Modeling eddy currents in laminated iron cores
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• two step approach OK provided that the eddy current effect is negligible
• iron loss directly included in the constitutive law

• flux parallel to lamination + excess term
• flux perpendicular to laminations via anisotropic conductivity tensor

stack as a set of massive 
conductors with insulating layers

stack as a single homogeneous 
non-conducting material

homogenization

unworkable!!!
a posteriori estimation of eddy current 
losses and hysteresis losses

two step approach

hdyn(b,
db

dt
) = hstat(b) +

�d2

12
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(+ excess term)



Eddy current losses in laminated cores
Classical losses
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• In a lamination of thickness d, under a periodic field of period T, these losses are 
given by

• For non-sinusoidal fluxes, these losses can be calculated by using a Fourier 
expansion of the induction and summing the effects of all the harmonics:
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Dielectric loss
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• dielectric constant => storage of electric energy in material (via polarization)

• electrical conductivity => losses of electric energy in material (heat dissipation)
• complex dielectric constant

o = static dielectric contribution in C calculation 
o = energy loss in dielectric medium
o loss tangent
(how lossy material is for AC signals)
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Losses and power
Frequency domain
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Joule losses

Instantaneous and average (active) power
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�
!t+ �I

�

=
1

2
Î2
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Magnetic energy density

Lorentz force density
A fast convergence of the NR scheme is again observed: the average number of
iterations per time step is 4.6, 3.89 and 3.38 with Dt equal to 1/200, 1/400 and 1/800 s,
respectively.

5. Conclusions
The implementation of a vector Jiles-Atherton model in 2D FE magnetic field
computations has been studied. When solving the nonlinear equations by means of
the NR method, the differential reluctivity tensor naturally emerges. This tensor is also
a natural output of the considered vector hysteresis model.

The vector Jiles-Atherton model has been successfully applied to two simple 2D FE
models with rotational flux. The Newton-Raphson scheme has been shown to converge
very well.
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Figure 5.
The b-loci (left) and h-loci
(right) in the six points
indicated in Figure 4a
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