
Current and voltage as global quantities
Movement treatment
Coupled problems



Circuit coupling
2

• sources of magnetic fields in conductors (two models: massive and stranded)
o electric current densities (local quantities)
o current/voltage (global quantities) in a FE computation 

• coupling with external circuit source (control/power electronics) is essential for 
accounting for the operation of the device within the FE simulation
o sometimes it is enough to perform a set of static or dynamic simulations to 

characterize the device: tiresome, often unfeasible (saturation, movement, 
multiple sources...)

o strong coupling: all equations solved simultaneously 
o weak coupling: iterative solution with a possibly adaptive time-step



Solid/massive conductor
3

• allows current redistribution (internal 
eddy currents causing skin and 
proximity effect)

• parameters:
o voltage across conductor
o length

• equivalent to massive block of 
conductive material

non-homogeneous 
current distribution

solV
solI

ℓ

solV∇

solJ
soljsol

�Vsol



Stranded conductor
4

• equivalent to bundle of thin (<skin 
depth) insulated conductors

• eddy currents in wires are 
disregarded 

• parameters: (homogenous) current 
density, length, number of turns

• electrical conductivity: to correct for 
cross section => ratio conductor 
area /total area (fill factor)

• equivalent resistance (lumped 
element) to couple with external 
circuit

strV
strI

ℓ

strV∇

J
str

w1Δ strΔtN

�Vstr

jstr

homogeneous current distribution



Circuit equations
5

• direct substitution
o solid conductor + given voltage source 

(incl. short-circuit)
o stranded conductor + given current 

source (incl. open circuit)
• extra circuit equations

o modified nodal analysis (MNA)
o signal flow graph
o block structure => suitable solver
o off-diagonal: coupling terms
o can be made symmetric
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kij kij kij
kij kij + jωlij kij
kij kij kij

!

"

#
#
#
#

$

%

&
&
&
&

A

!

"

#
#
#

$

%

&
&
&
=

0
qi
ℓ
Vapp

−
Nt pi
Δstr

Iapp

!

"

#
#
#
#
#
#
#

$

%

&
&
&
&
&
&
&

kij kij kij

kij kij + jωlij kij −
qi
ℓ

kij kij kij −
Nt pi
Δstr

− jωqj Gsol

jωℓ Nt pi
Δstr

Rstr

#

$

%
%
%
%
%
%
%
%
%
%
%

&

'

(
(
(
(
(
(
(
(
(
(
(

Azj

Vsol
Istr

#

$

%
%
%
%
%
%

&

'

(
(
(
(
(
(

=
0

Iapp
Vapp

#

$

%
%
%
%
%
%
%

&

'

(
(
(
(
(
(
(



Circuit equations
6

• direct substitution
o solid conductor + given voltage source 

(incl. short-circuit)
o stranded conductor + given current 

source (incl. open circuit)
• extra circuit equations

o modified nodal analysis (MNA)
o signal flow graph
o block structure => suitable solver
o off-diagonal: coupling terms
o can be made symmetric

solappV strappI
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The eddy-current effects in windings, i.e., skin and proximity effects, can be macroscopically modeled via a complex frequency-
dependent impedance and reluctivity. In this paper, these two complex quantities are further embedded in a harmonic-balance
finite-element model for arriving at the steady-state solution. The proposed approach is validated through a 2-D model of an
inductor with pulsewidth modulated voltage supply. Both local and global quantities are shown to agree well with brute-force
simulation results. The computational cost of both approaches is compared.

Index Terms— Eddy currents, finite-element (FE) methods, harmonic balance (HB), proximity effect, skin effect.

I. INTRODUCTION

THE accurate consideration of skin and proximity effects
in the winding of high-frequency electromagnetic devices

through the fine discretization of each turn is most often
unworkable in practice. Frequency-domain homogenization
techniques provide a closed-form continuous representation
of the homogenized winding (see [1], [2], and references
therein). Proximity and skin effects are considered by a
complex reluctivity in the homogenized winding window
and a complex impedance in the electrical circuit equa-
tions, respectively. A general approach to identify these
frequency-dependent parameters is proposed in [3], along
with a time-domain extension and the 3-D application
in [4].

In this paper, we aim at embedding this winding homog-
enization technique in a harmonic-balance (HB) computation
for arriving at a periodic steady-state solution whereby local
and global variables (flux density, currents, and so on) are
approximated by a truncated Fourier series; this approach may
be an interesting alternative to plain time stepping, particularly,
when the transient is long [5]. By extending the set of
considered frequencies, starting from the fundamental one f1
(period T1 = 1/ f1), one can compromise between accuracy
and computational cost.

Several HB approaches have been proposed [6], [7], which
are more or less efficient and/or arduous to implement.
A thorough mathematical analysis with error estimators can
be found in [8]. We embrace the Galerkin time-domain
variant presented in [9], as it allows to straightforwardly
include magnetic saturation, nonlinear lumped components
in the electrical circuit (e.g., diodes), and especially
rotation [10].

The proposed multifrequency approach, i.e., with winding
homogenization, is validated by means of an axisymmetric
model of an inductor.

Manuscript received November 20, 2016; revised January 30, 2017;
accepted February 18, 2017. Date of publication March 2, 2017; date of
current version May 26, 2017. Corresponding author: R. V. Sabariego (e-mail:
ruth.sabariego@kuleuven.be).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.
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II. GENERIC FIELD-CIRCUIT ODEs
We consider a generic 2-D eddy-current problem

with the so-called stranded and massive conductors
(subscripts S and M , respectively) and its magnetic vector
potential a formulation; the extension to other formulations
is straightforward. The first-order ordinary differential
equations (ODEs) arising from its FE discretization (with
nw shape and test functions) in terms of the unknowns
column vector A = [a1(t) · · · anw(t)]! features the reluctivity-
dependent stiffness matrix S(ν), the conductivity-dependent
eddy-current matrix TM (σ ), and right-hand side column
vectors accounting for the sources, i.e., the current in the
stranded conductors (uniform current density) and the voltage
across the massive conductors (non-uniform current density
due to skin and proximity effects)

S A + TM
dA
dt

= K!
M R−1

M VM + K!
S IS (1)

VM = RM IM + KM
dA
dt

(2)

VS = RSIS + KS
dA
dt

(3)

where IS(t), IM (t), VS(t), and VM (t) comprise nS or nM
currents and voltages; diagonal matrices RM and RS comprise
the respective resistances (dc value for the massive conduc-
tors); and KM (nM × nw) and KS (nS × nw) are connectivity
matrices.

Electrical circuit coupling can be considered via
nl -independent loops and linked loop-current column
vector Il(t)

D!
SlVS + D!

MlVM + RlIl + Ll
dIl

dt
= Vl (4)

where DSl (nS × nl ) and DMl (nM × nl ) are connectivity
matrices (with 0, 1, and −1 elements, with IS = DSlIl and
IM = DMlIl ), and with the inclusion of a number of lumped
resistances, inductances, and voltage sources via square loop
matrices Rl and Ll , and right-hand side term Vl(t). Current
sources and capacitances can also be considered. Alternatively,
the nodal method can be adopted [11]. Any nonlinearity
in the FE model and circuit is ignored for the sake of
simplicity.

0018-9464 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Global conditions of currents and voltages
7

• is a source of e.m.f. located between 
two sections close to each other, i.e. two 
electrodes (coinciding cuts in practice)

• voltage Vi & current Ii are associated to  
this source

• current Ii flows through surface
• is path connecting the two electrodes 

Essential 
constraints

Ii
Vi

�g,i

�g,i

⌦g,i

n

⌦s,i ⌦m,i ⌦f,i

cuts inductors

stranded massive foiled

sources in
⌦s 2 ⌦C

c

⌦m,⌦f 2 ⌦c

Z

�g,i

e · dl = Vi

Z

�g,i

n · j ds = Ii

�g,i

�g,i

⌦g,i



Differential k-forms
The exterior derivative d applied on a k-form gives a k+1-form
• 0-form, (e.g. potentials φ, v):

o continuous scalar fields (conform)
o generated by nodal functions
o value (point evaluation) at node
o exterior derivative is grad

• 1-form, e.g. h, e, (potentials a, t):
o vector fields with continuous tangential 

trace (curl-conform)
o generated by edge functions
o circulation (line integral) along edge
o exterior derivative is curl

• 2-form, e.g. b, j:
o vector fields with continuous normal trace 

(div-conform)
o generated by facet functions
o flux (surface integral) through facet
o exterior derivative is div

8



Magnetodynamics
10

Define a in Ω and v in Ωc (discontinuous across electrodes): 
• a as a 1-form and v as a 0-form, 
• satisfying the local BC  
• and global BC (i.e. the circulation of around conducting 

domain Ωci is equal to Vi). 

This strongly satisfies

What needs to be weakly imposed is                                                                           

a� v formulation
a magnetic vector potential
v electric scalar potential potential

<latexit sha1_base64="XepyWc7Ci2eJX9RJ8F+QEMohCrQ="></latexit>

e = �@ta� grad v

<latexit sha1_base64="+4WerjXkQG5+HoC4/fUSyUpZMME="></latexit>

b = curl a

<latexit sha1_base64="iXZdV54n3uNs4cBIoMaXGiv0pcQ="></latexit>

curl e = �@tb, div b = 0, e⇥ n|�e = 0, Vi = V̄i , 8i 2 CV

<latexit sha1_base64="P3f3Q4s4+H3JgW3eaI5Li/S/bmk="></latexit>

e⇥ n|�e = 0
<latexit sha1_base64="nErSLkWeFEAAu2ryCwiAkwdwRv4="></latexit>

Vi = V̄i , 8i 2 CV

<latexit sha1_base64="5yTYkv9Qu0EwIDWwI0PZ02HkBYM="></latexit>

�grad v

<latexit sha1_base64="pT1m2bilOML6dhCqt0+YFXuVrAA="></latexit>

curlh = j, j = �e, h = ⌫b, h⇥ n|�h = 0, Ii = Īi 8i 2 CI



Choosing the potentials
11

• We still have freedom on the choice of the potentials. Indeed, the fields b and e do not 
vary for any scalar field φ

• There are different possibilities for gauging a and v
• One global shape function in each is sufficient for representing a unit voltage, st.

we have: 

<latexit sha1_base64="QA3W4UHEKAKA9T0/ghHfMbt7QsI="></latexit>

a ! a+

Z t

0
grad� dt

v ! v � �

<latexit sha1_base64="iC1E1XFpybQYmmwUMGIF+zq1ha4="></latexit> vd,i
<latexit sha1_base64="TrI7ZLhEyjV8wGaxT67HMRVFVPI="></latexit>

⌦ci

<latexit sha1_base64="9xjRCi339aAhiOdF/sAjft6YZM4="></latexit>

grad v =
NX

i=1

Vigrad vd,i



Choosing the potentials
2D case with in-plane magnetic flux b

12

• MVP along z with nodal basis functions

NB it is a Coulomb gauge with

•
(V is a voltage per unit length)

• Remaining constant fixed by BC

<latexit sha1_base64="XepyWc7Ci2eJX9RJ8F+QEMohCrQ="></latexit>

e = �@ta� grad v

<latexit sha1_base64="9xjRCi339aAhiOdF/sAjft6YZM4="></latexit>

grad v =
NX

i=1

Vigrad vd,i

<latexit sha1_base64="2nkzJdXNAENPgrMdUHhMQ1+qGuw="></latexit>

a =
X

n

an nẑ

<latexit sha1_base64="fyuNyJW21FWZpFOwX+jRWRtFPbQ="></latexit>

b = curla

<latexit sha1_base64="n7NAJc2ecwrpjDq5KjIk69Wgsvc="></latexit>

 n

<latexit sha1_base64="1ZaVCh9U4yOjEKbVc5sC6YiLJTc="></latexit>

diva = 0

<latexit sha1_base64="XHAmzyFklwwNwOciohbwRpLzKLc="></latexit>

grad vd,i is along ẑ and constant (=1) in each ⌦ci

Choosing a and v, cont’d

b = curl a, e = �@ta � grad v, grad v =
NX

i=1

Vi grad vd,i

1. 2D with in-plane b:

I We choose a along ẑ,

a =
X

n2⌦

an  nẑ,

with  n the node function of node n.
NB: It is a Coulomb gauge div a = 0.

I grad vd,i is along ẑ and constant (= 1) in
each ⌦ci . (V is a voltage per unit length.)

I Remaining constant fixed by BC.

⌦c,1

⌦C
c

�h

n

I1, V1

I2, V2

�e ⌦c,2

ẑ

ŷ

x̂
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Choosing the potentials
3D case

13

<latexit sha1_base64="2ZPj9ZsChspqvFqIoeGcpNSE7s8="></latexit>

In ⌦c, define vd,i to be zero everywhere except on transition layer in ⌦c,i:
layer of one element, on one side of the electrodes, in each ⌦c,i

(v has no longer a physical interpretation)
<latexit sha1_base64="9xjRCi339aAhiOdF/sAjft6YZM4="></latexit>

grad v =
NX

i=1

Vigrad vd,i

<latexit sha1_base64="NhGmV0KYr+/niMzGUUD+vo31CD0="></latexit>

a is generated by edge elements

<latexit sha1_base64="D2wFxMuEqCYyeg5v+X1ijG9ylWo="></latexit>

In ⌦c, a is unique, e.g. outside the transition layer, e = �@ta
(reduced vector potential)
In ⌦C

c we need a gauge for making a unique

GetDP workshop on superconductors at CERN, April 2022, Julian Dular

Choosing a and v
2. 3D:

I In ⌦c, define vd,i to be zero
everywhere except on a transition
layer in ⌦ci : layer of one element, on
one side of the electrodes, in each
⌦ci (v has no longer a physical
interpretation),

grad v =
NX

i=1

Vi grad vd,i.

I a is generated by edge functions.

I In ⌦c, a is unique, e.g. outside the
transition layer, e = �@ta (reduced
vector potential).

I In ⌦C
c , a is made unique with a

co-tree gauge. . .

vd,1 = 0

vd,1 = 1

vd,1 = 0
⌦C

c

⌦c,1

20/78



Co-tree gauge
14Co-tree gauge for a in ⌦C

c in 3D
I In ⌦C

c , only curl a = b has a physical meaning. One DOF
per facet is sufficient (and necessary), instead of one DOF
per edge.

I The support entities of the 1-form a are the edges.
I To associate a unique edge to each facet: consider only

edges in a co-tree, i.e. the complementary of a tree:

a =
X

e2⌦c[(co-tree in ⌦C
c )

ae  e.

ae = 0

⌦C
c⌦C

c

ae 6= 0

NB: Be careful on the conducting domain boundary @⌦c, no gauge there because a is already unique.

21/78GetDP workshop on superconductors at CERN, April 2022, Julian Dular



Surface term in MVP formulation
15

Derivation of the a-formulation , cont’d

I The surface term simplifies
⌦
⌫ curl a ⇥ n , grad v0

↵
@⌦c

=
⌦
h ⇥ n , grad v0

↵
@⌦c

=
⌦
h , n ⇥ grad v0

↵
@⌦c

=
⌦
h , n ⇥ grad v0

↵
@(transition layer)

= I V 0 = Ī V 0 (Ampère’s law + ‡�).

grad v0
n

Ī

⌦C
c

⌦c

n⇥ grad v0
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Derivation of the a-formulation , cont’d

I The surface term simplifies
⌦
⌫ curl a ⇥ n , grad v0

↵
@⌦c

=
⌦
h ⇥ n , grad v0

↵
@⌦c

=
⌦
h , n ⇥ grad v0

↵
@⌦c

=
⌦
h , n ⇥ grad v0

↵
@(transition layer)

= I V 0 = Ī V 0 (Ampère’s law + ‡�).

grad v0
n

Ī

⌦C
c

⌦c

n⇥ grad v0
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MVP formulation with V and I
16

a-formulation

Finally, the a-formulation amounts to find a and v in the chosen
function spaces such that, 8a0 and v0,

�
⌫ curl a , curl a0

�
⌦
�

⌦
h̄ ⇥ n⌦ , a0

↵
�h

+
�
� @ta , a0

�
⌦c

+
�
� grad v , a0

�
⌦c

= 0,

�
� @ta , grad v0

�
⌦c

+
�
� grad v , grad v0

�
⌦c

=
NX

i=1

IiVi(v0),

with Ii = Īi for i 2 CI,
and Vi(v0) = V 0

i (i.e. the DOF associated with the unit voltage
function vd,i).

28/78
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MVP formulation interpretation
17

a-formulation - Interpretation
When the test function v0 = vd,i is chosen (Vi(vd,i) = 1), the
second equation reads

(� (@ta + grad v) , grad vd,i)⌦c
= Ii

) (� e ,�grad vd,i)⌦c
= Ii.

”Flux of �e (= j) averaged over a transition layer = total current”.

vd,1 = 0

vd,1 = 1

vd,1 = 0
⌦C

c

⌦c,1

NB: The flux of �e depends on the chosen cross-section as �e is not
a 2-form (as j should be). Conservation of current is weakly satisfied.
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<latexit sha1_base64="8Wa9xeaLc5JsZE3KyxUTAxh4NUQ="></latexit>

h =
X

k2Ec

hksk +
X

n2NC
c

�ngrad n +
X

i2C
Iici

Current as a strong global quantity
18

Edge FEs to interpolate curl-conform fields (h)
se edge BF associated with edge e
he = circulation of h along edge e = difference of scalar potentials at the two 
ends of the edge in the non-conducting domain
=> Coupling of edge FEs (field) and nodal FEs (scalar potential)

Explicit constraints for circulations and zero curl, i.e. currents Ii

h =
X

e2E
hese

Ec inner edges in ⌦c

NC
c nodes in ⌦C

c and @⌦C
c

C cuts

Basis functions
� = �cont + �discont 2 ⌦C

c

E edges in ⌦

<latexit sha1_base64="eruF3TG4wCP+YznVXBpOIq9RgDk="></latexit>

curlh = j in ⌦c
<latexit sha1_base64="pk8cpkkOyYUr40Y6tn0yz4PbWro="></latexit>

curlh = 0 in ⌦C
c



<latexit sha1_base64="8Wa9xeaLc5JsZE3KyxUTAxh4NUQ="></latexit>

h =
X

k2Ec

hksk +
X

n2NC
c

�ngrad n +
X

i2C
Iici

Current as a strong global quantity
19

Treatment of multivalued potentials
• coefficients Ii are circulations along 
well-defined paths
• ci  are vector ‘circulation’ BFs linked 
to a group of edges from a cut, 
accounting for  discontinuity

=> its circulation equals 1 along a 
closed path around 

Elementary geometrical entities 
(nodes, edges) and global ones 
(groups of edges)

� = �cont + �discont 2 ⌦C
c

ci = �grad qi in ⌦C
c

n⇥ ci = �n⇥ grad qi on @⌦c

Introducing cuts for making        simply connected
<latexit sha1_base64="nWEmtQcelTYjhNrcnxVmipzKKrM="></latexit>

⌦C
c



system of equations 
(symmetrical matrix)

Voltage as a weak global quantity
20

electromotive force = weak global quantity

Strong formulation

Weak formulation of Faraday equation
find h such that

Z

⌦
µ @th·w d⌦+

Z

⌦c

⇢ curlh·curlw d⌦+

Z

�
n⇥es ·w d� = 0 , 8w

curl ⇢ curlh+ @t(µh) = 0 in ⌦c , div
⇣
µ(hs � grad�)

⌘
= 0 in ⌦C

c

h =
X

k2Ec

hksk +
X

n2NC
c

�nvn +
X

i2C
Iici

test function
test function

no additional contribution to surface integral
contribution to surface integral

w = sk, vn

w = ci

Z

�
n⇥es ·w d� =

Z

�
n⇥es · ci d� =

Z

�
n⇥es · (�grad qi) d� =

I

�i

es⇥dl = Vi
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grad n = vn



Voltage as a weak global quantity
and circuit relations

21

electromotive force

Weak circuit relation 
between voltage & current

Natural way to compute a 
weak voltage !
Better than an explicit non-
unique line integration

Z

�
n⇥es · ci d� =

I

�i

es⇥dl = Vi

Z

⌦
µ @th·ci d⌦+

Z

⌦c

��1curlh·curl ci d⌦ = �Vi,

“@t(Magnetic flux) + Resistance⇥ Current = Voltage”

Flux change μh (= b) + circulation of ρ j (= e), 
both averaged over a transition layer = total voltage”. 

When the test function ci (Ii(ci) = 1) is 
chosen, we get the equation: 



GetDP implementation
22

GetDP h in 2D or 3D
h =

X

n2⌦C
c

�n grad  n +
X

e2⌦c\@⌦c

he  e +
NX

i=1

Ii ci.

FunctionSpace{
{ Name h space ; Type Form1 ;

BasisFunct ion {
// Nodal functions

{ Name gradpsin ; NameOfCoef phin ; Funct ion BF GradNode ;
Support Omega h OmegaCC AndBnd ; E n t i t y NodesOf [OmegaCC ] ; }

{ Name gradpsin ; NameOfCoef phin2 ; Funct ion BF GroupOfEdges ;
Support Omega h OmegaC ; E n t i t y GroupsOfEdgesOnNodesOf [BndOmegaC ] ; }

// Edge functions

{ Name psie ; NameOfCoef he ; Funct ion BF Edge ;
Support Omega h OmegaC AndBnd ; E n t i t y EdgesOf [ A l l , Not BndOmegaC ] ; }

// Cut functions

{ Name c i ; NameOfCoef I i ; Funct ion BF GradGroupOfNodes ;
Support ElementsOf [ Omega h OmegaCC, OnPosi t iveSideOf Cuts ] ;
E n t i t y GroupsOfNodesOf [ Cuts ] ; }

{ Name c i ; NameOfCoef I i 2 ; Funct ion BF GroupOfEdges ;
Support Omega h OmegaC AndBnd ;
E n t i t y GroupsOfEdgesOf [ Cuts , InSupport TransitionLayerAndBndOmegaC ] ; }

}
Globa lQuant i ty {

{ Name I ; Type Al iasOf ; NameOfCoef I i ; }
{ Name V ; Type AssociatedWith ; NameOfCoef I i ; }

}
Cons t ra in t {

{ [ . . . ] }
{ [ . . . ] }

}}}
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Massive and stranded inductors
23

• Massive inductor => direct application
• Stranded inductor (uniform current density) => additional treatment
• Reaction field + Source field due to a magnetomotive force Nj (= turns)

(one basis function for each stranded inductor)

Weak circuit relation between Vj and Ij for stranded inductor j
Natural way to compute the magnetic flux through all the wires !

find h such that
Z

⌦
µ @th ·w d⌦+

Z

⌦c

��1curlh · curlw d⌦+

Z

⌦s

��1js · curlw d⌦ = �
Z

�
n⇥ es ·w d�

holds 8w
Z

⌦
µ @th ·ws,j d⌦+ Is,j

Z

⌦s

��1js,j · curlws,j d⌦s = �Vj , 8ws,j



Stranded inductor — source field
24

cut coil region

Simplified source computation: 
• projection method
• electrokinetic problem

h =
X

k2Ec

hksk +
X

n2NC
c

�nvn +
X

i2C
Iici

Z

⌦s,j

curlhs,j · curlw d⌦s,j =

Z

⌦s,j

js,j · curlw d⌦s,j

Z

⌦s,j

��1curlhs,j · curlw d⌦s,j = 0
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Conclusions FE formulations with 
massive and stranded inductors

25

h-φ magnetodynamic formulation — use of edge & nodal FEs for h and φ
• Natural coupling between h and φ with BFs for either massive or stranded inductors
• Definition of current in a strong sense/voltage in a weak sense
• Efficient definition of a source magnetic field: limited support
• Natural coupling between fields, currents and voltages

http://www.compumag.org/jsite/images/stories/newsletter/ICS-00-07-2-Dular.pdf

http://www.compumag.org/jsite/images/stories/newsletter/ICS-00-07-2-Dular.pdf


Application — Massive inductor
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Application — Stranded inductor
27



Coupled problems involving 
electromagnetism
EM + thermal problem
EM + mechanical problem
...



Why studying coupled-field problems?
29

• civil engineering systems involve integration of structural/solid mechanics, fluid/gas/air dynamics, 
acoustics, propagation, magnetodynamics, electrodynamics, thermal fields, material processing, 
control, etc.

• an interdisciplinary approach is more effective than single-discipline approach 
• tackle coupled-field problems taking advantage of all the know-how (design, modeling and 

analysis software) for the individual disciplines
• Examples involving electromagnetism: 

o structure-electromagnetic interaction: electrical machines, magnetically levitated vehicle, 
electromagnetic break, microelectromechanical systems MEMs (resonators, gyroscope, 
sensors of all categories, accelerometers)...

o thermal-electromagnetic interaction: induction heating, electromagnetic stirring and melting, 
hyperthermia in bio-electromagnetism...



Coupled problem
30

• Definition: 
coupled system or formulation, defined on multiple domains, possibly 
overlapping, involving dependent variables that cannot be eliminated at the 
equation level

• Strong and weak coupling: 
strength of the interaction between the sub-problems involved. The degree of 
mutual influence is often unknown/poorly known due to nonlinear coupling 
mechanisms 
(strong => weak; weak => strong)

• Strong and weak nonlinear numerical solution algorithm



Coupled problem — Classification
31

• Extent: 
fields interact on partially or entirely overlapping domains (e.g. thermal-
magnetic), or interact through an interface (e.g. a massive body and its cooling 
flow)

• Discretization method: 
Continuous sub-problems are discretized to obtain a mathematical model with 
finite unknowns => homogeneous or hybrid discretization

• Global non-linear numerical solution algorithm: 
When equations are combined and solved simultaneously in one large matrix 
system, a fully coupled algorithm is applied



Physical couplings — Electromagnetic fields &
32

• supply circuits (lumped parameters), control system
• thermal/temperature fields
• Solid/rigid body movement: rotation/translation
• (elastic) deformation & vibrations
• fluid flows: cooling, molten metals, …
• “material fields” (material behaviour depends on other physics)
• multi-scale problems (e.g., scale of the circuit, scale of the lamination, scale of 

the machine, scale of the power grid)
o multi-scale in space
o multi-scale in time



Electrical energy transfer — fields
33
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Figure 1.1  Field interaction in a general electromagnetic problem 
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Figure 1.2  Comparison of typical time scales in a general,  

coupled electromagnetic problem 



Electrical energy transfer — time scales
34
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Typical disturbances to the loading  of power devices in a PV 
system
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Multi-timescale Modelling for the Loading Behaviours 
of Power Electronics Converter 

Ke Ma, and Frede Blaabjerg 
Department of Energy Technology, Aalborg University 
Pontoppidanstraede 101, Aalborg DK-9220, Denmark 

kema@et.aau.dk , fbl@et.aau.dk   

Abstract - The thermal dynamics of power device, 
referred as “thermal cycling”, are closely related to the 
reliability as well as the cost of the power electronics 
converter. However, the device loading is disturbed by 
many factors of the converter system which present at 
various times-constants from micro-seconds to years, 
thereby the complete loading conditions of power device 
are still challenge to be predicted by the existing models, 
which normally have to be restricted at certain time 
ranges. As a result, a more advanced modelling concept 
is proposed in this paper, which separates the converter 
system into three modelling levels according to the 
timescales of the interested thermal dynamics and their 
disturbances. A series of multi-disciplinary models are 
then established including the whole set of control, 
electrical, loss and thermal parts of the converter. It is 
concluded that, by the proposed multi-timescales 
modelling concept and approaches, more complete 
loading information of power device can be mapped 
based on the mission profiles of converter, thus it is very 
helpful for better prediction of converter lifetime and 
more cost-effective design of the cooling system.    

I. INTRODUCTION  

   Power electronics are being widely used in many 
important applications of energy conversion system like 
renewable energy production, motor drives, transportations 
and power transmission. As a result the reliability and cost 
requirements for these power electronics systems are getting 
more critical [1]-[3]. As one of the most expensive 
components and dominant heat sources, thermal loading of 
power semiconductors are especially important. It has been 
found that the thermal loading of power device is closely 
related to the energy conversion efficiency, component 
ratings, heat sink capability, as well as the power density, 
which all determine the cost of the converter. Moreover as 
reported in [4]-[7], the dynamical change of thermal stress 
in the power device (i.e. temperature swings or thermal 
cycles) is one of the most critical causes of failure in power 
electronics components. Consequently correct modeling the 
thermal behaviors of power devices, especially the 
dynamical changes, is a crucial step to evaluate the 
reliability performance and ensure reliable/cost-effective 
converter designs [1]. 
 Nevertheless the modelling of complete thermal 
behaviours in power devices is a very challenging task, as 

shown in Fig. 1, a general flow and main inputs to access 
the thermal behaviours of power device is plotted, it can be 
seen that the complicated loading conditions of power 
device not only relies on the loss and thermal impedance 
models, but also closely related to the control and electrical 
behaviours of the whole converter system, which is 
disturbed by many factors related to the mission profiles.  

 
Fig. 1. Signal flow and inputs for the thermal estimation of power 

electronics. 

 As illustrated in Fig. 2, the main disturbances for the 
thermal behaviours of power electronics in a typical 
Photovoltaic (PV) system are summarized according to their 
dominant response time. It can be seen that these thermal 
disturbances have very different time constants ranging 
from microseconds (device switching) to years (ambient 
temperature changing), making the sampling step of the 
models in the converter system hard to be decided. The 
existing modelling methods for power electronics seem to 
be not good enough to reflect the loading behaviors: either 
very detail component or circuit models are applied but 
restrained to limited time span and small time steps [8], [9], 
or only steady-state conditions are focused with 
compromised accuracy of many important thermal 
dynamics [10], [11]. 
 

 
Fig. 2. Typical disturbances to the loading of power devices in a 

PV system. 
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Coupled problem issues
37

• How to tackle using FEM ?
o multiple meshes (non-conforming) => in principle projection required!
o extra non-linear iteration

• weak solution approach
o outer non-linear loop iterating between subproblems

• strong solution approach
o all linearized FEM subproblems in one matrix
o ill-conditioned system and high numerical stiffness



Strong coupled approach
Properties of the Jacobian (Newton algorithm)

38

• complicated procedure for computation:
o dependencies, projection, ...
o not always possible
o ill-conditioned
o asymmetric
o requires expensive solvers

Fill-in pattern 



Global convergence issues
39

• problem:
o excellent convergence behavior when close to the solution but getting in the 

vicinity of the solution is a major issue
o global convergence requirement

• solution: additional measures to ensure convergence
o relaxation — evolution in the desired direction
o estimate optimal damping parameter(s) — decreasing residual

• stability — choice of time step
o smoother pseudo-transient continuation method leading to the desired steady-

state solution



Coupled (pseudo-)transient problem approaches
e.g. Magneto-thermal

40

• different time steps for the different sub-problems
o simulate at the time step of e.g. the magnetic problem
o simulate at the time step of e.g. the thermal problem
o simulate using both time scales and extrapolate

• assume ‘a continuously changing steady-state’
• envelope approach: 

X = envelope function 
with slow time scale & parameter ⍵ 
linked to the fast time scale
dealt with in the frequency domain

8  

It is possible to extend (2.10) to a sum of harmonic components.  To account for 
non-linearities, the coefficients have to be written in this form, when possible.  This 
operation yields convolution-type products as well. 
 
Often, neither the pure time domain, nor the frequency domain approach is suited 
for the problem.  For instance, this is the case when the problem contains fast and 
slow dynamic phenomena at the same time, as it is found in coupled problems.  
There, the effects can be found on different time scales, associated with the 
respective time constants.  Then, a mixed approach may be more appropriate. 
When the slow dynamic phenomenon, in conjunction with a very fast one in quasi 
steady state, is of interest, (2.11) can be altered to  

 � � � � tjetXtx ZZ, , (2.13) 

making X, the ‘envelope-function’ (Figure 2.1), again a function of time (slow time 
scale) with parameter Z (fast time scale, dealt with in the frequency domain). 

-1

-0, 8

-0, 6

-0, 4

-0, 2

0

0,2

0,4

0,6

0,8

1

1 11 21 31 41 51 61 71 81 91 10 1

|X(t)|

x(t)

 
Figure 2.1  Function x and its ‘envelope’ X 

This yields an extra time derivative when compared to (2.12): 
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t
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In this respect, a more general alternative for the Fourier transform could be a 
Wavelet transformation, using basis functions localised in space and time [DR01]. 

2.1.3 Non-linearities 
In general, three basic types of non-linearities can be found within the considered 
coupled PDEs/ODEs and their boundary conditions: 
x For individual field problems, a coefficient is a function of the unknown field 

solution, e.g. magnetic saturation. 
x For a coupled problem, the coefficient of a composing physical field equation, 

the ‘subproblem’, may vary with the other field solution (e.g. temperature 
dependent electromagnetic material properties). 

x A term, e.g. the eddy current loss term, is a non-linear expression of one or 
more of the variables. 

Combinations of these basic types exist.  Each of these types requires a different 
approach, for instance when determining partial derivatives, depending on the 
chosen non-linear solution algorithm. 

x(t) = X(t,!)eı!t

5.3 Multirate Cosimulation

field

circuit

t0 H1 t

Figure 5.4: Dynamic iteration. The subsystems (e.g. field and circuit) are discretized on their
own time scales using different time steps (solid arrows). Several time steps are a time window
and they are computed iteratively (the ‘sweeps’ are denoted by the dashed arrows).

models in electric networks of the previous sections and show that dynamic iteration is
indeed a strategy for exploiting multirate behavior using reduced order models similar to
those illustrated in [106].

5.3.1 Abstract DAE-DAE Coupling

In the index analysis Section 4, it has been shown that the coupled problem is addressed
by the abstract equation (4.1). The projectors in Section 4 can be used to decompose
the problem down into dynamic and algebraic parts, [92]. The resulting parts can be
reorganized such that we obtain a semi-explicit initial value problem of differential algebraic
equations (DAE-IVP)

ẏ = f(y, z), with y(t0) = y0 , (5.11a)

0 = g(y, z), with z(t0) = z0 , (5.11b)

where the variables are renamed to x! = [y!, z!] with the vector functions f and g. This
formulation addresses the whole problem abstractly and thus allows us to extract the un-
derlying principles without the dispensable details. The following analysis of system (5.11)
is limited to the index-1 case. In the field/circuit case this can be assured by Theorem 4.2
that demands loop/cutset conditions for the circuit. This prerequisite is mathematically
formalized by the following index-1 assumption:

Assumption 5.1 (Monolithic index-1). The differential algebraic initial value prob-
lem (5.11)

(a) has a unique solution on I = [t0, te]

y : [t0, te] → R
ny and z : [t0, te] → R

nz (5.12)

and the initial values are particularly consistent, i.e., y0 and z0 solve the algebraic
equation (5.11b),

(b) the right-hand-side functions f and g are supposed to be sufficiently often differen-
tiable in the neighborhood of the solution,

(c) the Jacobian ∂g/∂z is non-singular in the neighborhood of the solution (the coupled
problem is index-1).
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6.3 Cosimulation
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Figure 6.9: Multirate cosimulation example. Nonlinear field/circuit configuration (a) exhibit-
ing different time constants in the voltages u1 and u3 due to a fast switching PWM voltage
source (b); currents (c) and partitioning into time windows H and time steps h (d), [118].

For small window sizes near the step size of the time discretization (H ≈ h) the dis-
cretization error may dominate the asymptotic behavior; then additional iterations are
superfluous. In the present case of the implicit Euler method, its accuracy is first or-
der, thus depending on the quality of the initial guess, one or two iterations are typically
sufficient. This changes for higher order methods.

The rectifier example could not benefit from multirate time-integration: the time step-
ping was fixed to simplify the convergence analysis. This will be generalized in the following
multirate example.

Multirate in the Field/Circuit Problem

To prove the feasibility of multirate time-integration by dynamic iteration, the following
example was given in [118]. The circuit in Fig. 6.9a acts as a low pass filter feeding only
the important frequencies to an MQS device. This is a typical engineering approach for
signal separation, in contrast to the numerical approach in Section 5.3.5.
The voltage source applies a pulse-width modulated (PWM) signal, while only the low

frequency part arrives at the transformer. The MQS device is described here by the
same nonlinear model as in Section 6.2, see Fig. 6.5a. The application of an adaptive
time-integrator yields time step sizes in the order of hC = 10−6s, although step sizes of

93



Coupled problems involving 
electromagnetism
Examples



Electro/Magneto—mechanical coupling
Rigid body

42

• Translational or rotational motion: all points of body with same (angular) speed

• Magnetic/electric source for mechanics

• Electromagnetic formulation
o e.g. magnetostatics, magnetodynamics

o e.g. electrostatics  

Fele =

I

@V


(n · d)e� 1

2
(e · d)n

�
dS =

I

@V
✏


(n · e)e� 1

2
|e|2n

�
dS

Fmag =

I

@V


(n · b)h� 1

2
(h · b)n

�
dS =

I

@V
⌫


(n · b)b� 1

2
|b|2n

�
dS

Fext = m
dv

dt
� �1v � �2v

2 Text = I
d⌦

dt
� �1⌦� �2⌦

2

Fmag/ele =

Z

V
divT dV =

I

@V
T · n dS =) Fext (or Tmag/ele =) Text)

<latexit sha1_base64="IFJgCKEAr+DgdHlHXwKT+EuDYiI="></latexit>



E =
E

(1 + ⌫)(1� 2⌫)

2

6666664

1� ⌫ ⌫ ⌫
⌫ 1� ⌫ ⌫
⌫ ⌫ 1� ⌫

0

0

1�2⌫
2 0 0
0 1�2⌫

2 0
0 0 1�2⌫

2

3

7777775
.

Electro/Magneto—mechanical coupling
Elastic body

43

• Use of EM formulation for computing the local mechanical source

o e.g. electrostatics => 

o e.g. magnetostatics =>  

• Mechanical formulation
o e.g. elastic deformation, local displacement

elasticity tensor
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Coupled electrostatic-mechanical simulation schemes
44

348 10 Coupled Electrostatic-Mechanical Systems

(a)

(b)

Fig. 10.4 Coupled electrostatic-mechanical simulation schemes. a Linear mechanics. b Nonlinear
mechanics

Fig. 10.5 Intersection of finite elements by using the standard method

around the bar, but on all finite elements between the bar and the counter electrode
(see Fig. 10.6).

Since the deformations of the mechanical structures especially in micro-machined
capacitive transducers are often large compared to the geometric dimensions, a non-
linear formulation for the mechanical field has to be utilized. This leads to the

348 10 Coupled Electrostatic-Mechanical Systems

(a)

(b)

Fig. 10.4 Coupled electrostatic-mechanical simulation schemes. a Linear mechanics. b Nonlinear
mechanics

Fig. 10.5 Intersection of finite elements by using the standard method

around the bar, but on all finite elements between the bar and the counter electrode
(see Fig. 10.6).

Since the deformations of the mechanical structures especially in micro-machined
capacitive transducers are often large compared to the geometric dimensions, a non-
linear formulation for the mechanical field has to be utilized. This leads to the
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shunt capacitive MEM switch

computation of
* electrostatic force
* elastic deformation 



Coupled magneto-mechanical simulation schemes
46

11.3 Numerical Computation 365

For the time discretization, we apply the Newmark scheme for the mechanical
equation and the general trapezoidal scheme for the magnetic equation (see Sect. 2.5).
Using predictor values for the magnetic vector potential to calculate f

u
and predictor

values for the mechanical displacement to compute MA, KA and f
A

a decoupling
into a mechanical and a magnetic matrix equation is achieved. To still ensure a
strong coupling between the magnetic and mechanical quantities, we have to solve
these equations within each time step iteratively (see Fig. 11.12). The outer iteration
loop controls the iterative coupling process between the magnetic and mechanical
equation, which is performed in the simplest case by a fixed-point method. The
convergence test is based on the following displacement stopping criterion

||uk+1
n+1 − ukn+1||2
||uk+1

n+1||2
< δo, (11.29)
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MEMS 
magnetometer

computation of
* magnetic force
* elastic deformation 

Switched 
reluctance 
machine

computation of 
* magnetic torque
* angular displacement

relay computation of
* magnetic force
* trans. displacement
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Total current (3200 A)
distributed in 8 groups in parallel

Flux lines and EM force (N/m)

Currents 
non-uniformly distributed!



Magneto-thermal coupling
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• Magnetodynamic formulation

• Electromagnetic energy as thermal source =>  Joule losses
• Thermal formulation, e.g. heat conduction problem

curl ⌫ curla+ � (@ta+ grad v) = js ,

with b = curla , e = �grad v � @ta

p = e · j
� div ( gradT ) = p

3.3.3 Cas non linéaire : problème couplé

Dans le cas non linéaire étudié, la dépendance des propriétés de l’acier en fonction de la
température est explicitée. Pour l’acier de type 50CV4, des fonctions analytiques de la résistivité,
de la conductivité thermique et de la perméabilité en fonction de la température peuvent être
dégagées à partir d’expériences (courbe empirique, [3]). Pour la résistivité, j’utiliserai le forme
suivante, dont le graphe est repris à la figure 3.4 :

⇢(T ) =
⇢0 + ⇢1

2
� ⇢0 � ⇢1

⇡
arctan

T � 273.15� Tc

Tr
, (3.40)

où ⇢0 = 0.18 ⇤ 10�6
,

⇢1 = 1.1 ⇤ 10�6
,

Tc = 550,

Tr = 150.

Figure 3.4 – Évolution de la conductivité électrique de l’acier en fonction de la température.

Concernant la perméabilité magnétique, il faut prendre en compte deux états en fonction
de la température de l’acier. Pour une température inférieur à la température de Curie (qui
est prise à 760°C), le matériau est ferromagnétique, et possède donc une perméabilité relative
plus grande que un, qui varie avec la température. La perméabilité de l’acier peut être exprimée
selon :

µ(T ) = µ0


1 + a

✓
1� exp

✓
T � 273.15� Tc

c

◆◆�
, (3.41)

où a = 100,

Tc = 760,

c = 250.

À la température de Curie, un changement de phase s’opère dans le matériaux : de ce fait, la
perméabilité relative est égale à un pour des températures plus élevées que cette valeur pivot.
La figure 3.5 reprend l’évolution de cette propriété en fonction de la température.

15

Nonlinearity
temperature-dependent conductivity

⇢(T ) =
⇢0 + ⇢1

2
� ⇢0 � ⇢1

⇡
arctan

T � 273.15� Tc

Tr

 = thermal conductivity

T = temperature

p = thermal power ) Joule losses

⇢ = ��1 = resistivity

div
⇣
� �(@ta+ grad v)

⌘
= 0 in ⌦C
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Foil winding 
inductor



Magnetic/electrostatic/thermal coupling
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• High voltage power cable
o ohmic losses in conductors
o dielectric losses in insulation
o magnetic losses —hysteresis & eddy currents in shield

magnetic field electric field

temperature

electric field magnetic field

thermal field

ohmic and
iron losses

dielectric losses

applied:
voltages
currents

ground
potential

thermal convection

adjust )(tan Tr δε
adjust )(Tσ

Different  discretisations



Magneto-thermal
Induction heating
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eddy current distribution

temperature distribution

computation of
* Joule losses
* temperature
* additional non-linearity σ(T)



Movement treatment
Eulerian vs Lagrangian approach
Moving-band techniques
Mortar method



Movement with one degree of freedom
Solid body motion

54

• In most electromechanical systems, one degree of freedom suffices to describe 
the movement

• contacts and frictions appear in the equation of motion
• Translational motion: all the points of the body have the same velocity

• Rotational motion: all the points of the body rotate at an angular velocity
Fext = m

dv

dt
� �1v � �2v

2

Text = I
d⌦

dt
� �1⌦� �2⌦

2

Fext = external force

m = masse

v = speed

�1 = dry friction coe�cient

�2 = viscous friction coe�cient

Text = external torque

I = Inertia

⌦ = angular speed



Eulerian approach
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• all phenomena described from same reference (standstill/laboratory) frame
• modified Ohm’s law
• terms associated with speed are transformed

• two types of terms
o with a total derivative: it measures changes in a material point of the body in 

motion. This can be evaluated by finite differences. In general, the simplest 
way to calculate it is to move the mesh with the moving part

o with a (rotational) speed: source of numerical instabilities

j = �e+ �v ⇥ b

v = scalar potential, v = speed

curl (⌫ curla) + � (@ta+ a⇥ ⌦+ grad (v � a · v)) = js

curl (⇢ curl t) + µ (@t(t� grad�) + ⌦⇥ (t� grad�)) = 0



Eulerian approach
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• discretization with classical interpolation functions and Galerkin approach leads 
to stability problems

• transport term gives rise to non-physical oscillations that grow with the speed
• with nodal basis functions (first degree Lagrange polynomials) and Galerkin

approach, there is a number that measures the unstable nature of the numerical 
solution

• oscillations appear for               , as      is the characteristic length of the mesh 
elements, a good mesh allows for a non-oscillating solution (rest of the 
parameters are fixed by the problem)

• quality of the solution can be improved by using a Petrov-Galerkin method, with a 
weighting function better adapted to the physical solution 

• Eulerian approach not used in practice, Lagrangian approach is preferred in EM

Pe = µ�vlc



Lagrangian approach
57

• phenomena observed from each material point: a reference frame for each part of 
moving part (n moving parts => n reference frames)

• Maxwell’s equations with same form in fixed and moving reference frame

• each part of the problem is ‘at rest’ in the associated frame
• mesh attached to each moving part
• any speed term is discarded
• relation between Euler and Lagrangian approach, e.g., for the electric field

curl (⌫ curla) + � (@ta+ grad v) = js

curl (⇢ curl t) + µ @t(t� grad�) = 0

a02

a03

R0

a1

R

air

mobile

a = ↵1a1 + ↵2Pa02 + ↵3Pa03

eEuler = eLagrange + v ⇥ b



Explicitly considering motion (Lagrange)
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• Modeling rotation in electrical machines
o sliding-surface techniques

• locked step approach
• linear/quadratic interpolation
• trigonometric interpolation

⌦rotor

⌦stator

�rotor = �stator

!

Modeling of Motion     347 

Figure 8.9. Definition of a macro-element for handling the movement of a rotating machine 

We can take advantage of the simple geometry of the air-gap and of the 
frequency of the phenomena in order to find an analytical solution linking the 
unknown variables of the rotor and the stator. Indeed, if the unknown variable used 
is the magnetic vector potential A, it is sufficient to solve = 0A'  on the geometry 
defined in Figure 8.9. The analytical solution obtained allows a special finite 
element called a macro-element [RAZ 82] to be defined. The major drawback of this 
method is the calculation time, which is longer than for a conventional finite 
element system. The matrix system obtained is in fact a large broadband. This is due 
to the macro-element that has a matrix contribution whose size is given by the 
number of nodes defining it. 

Another method consists of defining a meshed band using a single layer of 
elements (see Figure 8.10a) and reconnecting the rotor and the stator nodes 
progressively with the rotation [DAV 85].  

(a)                                              (b) 

Figure 8.10. (a) Automatically re-meshed band; (b) sliding surface with meshing connection 



Explicitly considering motion (Lagrange)
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• Modeling rotation in electrical machines
o sliding-surface techniques

• locked step approach
• linear/quadratic interpolation
• trigonometric interpolation

o air-gap models
• moving-band techniques
• boundary elements
• discontinuous Galerkin technique
• air-gap element (spectral elements)

⌦rotor

⌦stator

!

�st

�rt

⌦ag

Modeling of Motion     347 

Figure 8.9. Definition of a macro-element for handling the movement of a rotating machine 

We can take advantage of the simple geometry of the air-gap and of the 
frequency of the phenomena in order to find an analytical solution linking the 
unknown variables of the rotor and the stator. Indeed, if the unknown variable used 
is the magnetic vector potential A, it is sufficient to solve = 0A'  on the geometry 
defined in Figure 8.9. The analytical solution obtained allows a special finite 
element called a macro-element [RAZ 82] to be defined. The major drawback of this 
method is the calculation time, which is longer than for a conventional finite 
element system. The matrix system obtained is in fact a large broadband. This is due 
to the macro-element that has a matrix contribution whose size is given by the 
number of nodes defining it. 

Another method consists of defining a meshed band using a single layer of 
elements (see Figure 8.10a) and reconnecting the rotor and the stator nodes 
progressively with the rotation [DAV 85].  

(a)                                              (b) 

Figure 8.10. (a) Automatically re-meshed band; (b) sliding surface with meshing connection 



Sliding-surface technique
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• non-matching grids at interface
o linear interpolation/extrapolation
o mortar approach (transmission conditions 
between elements via Lagrange multipliers)

☹ eccentricity
☹ consistency error
☹ torque ripple



Moving-band technique
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Interface conditions
62

• decoupled FE system

• continuity of normal component of       
magnetic flux density (induction)

magnetic vector potential continuous

• continuity of tangential component of 
magnetic field

fictitious source currents vanish
Select comps. at interface

Prolongate interface comps.
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⇥
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�
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Interface conditions (cont’d)
Reminder matrix system 2D case

63

Z

⌦

⇣
⌫ grad a·gradwi + �@ta·wi

⌘
d⌦+

Z

�
⌫ @nawi d� =

Z

⌦
js ·wi d⌦
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Z

�
⌫ @nawi d⌦
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Z
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Z
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Locked-Step Approach
(Sliding-surface techniques)

64

• rotation over an integer number of mesh steps (very simple to use)
• FE with same properties, no additional unknowns
• but: mesh equidistant at the interface

restriction on the time step

cyclic permutation

eart = Kq
shifteast

↵ = q�✓

Kshift =

2

664

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

3

775



Linear interpolation
(Sliding-surface techniques)

65

• mesh of lines on rotor and stator side performed independently

reduces to locked-step 
approach when 

eart = Kq
shiftK"east

↵ = q�✓ + "�✓

Kshift =

2

664

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

3

775

K" =

2

664

1� " " 0 0
0 1� " " 0
0 0 1� " "
" 0 0 1� "

3

775



Coupled formulation
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• rotation operators
o forward rotation operator
o backward rotation operator

• saddle-point formulation — we look for the stationary point

• projected system (eliminate      )
with projector

fH↵ = K
q
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T

"
K

qT

shift =
fH�↵

2

4
Mst 0 0
0 Mrt 0
0 0 0

3

5 @t

2

4
ast

art

egrt

3

5+

2

4
Kst 0 �Q

T

st
fHH

↵

0 Krt Q
T

rt

�fH↵Qst 0 Qrt

3

5

2

4
ast

art

egrt

3

5 =

2

4
jst

jrt

0

3

5

PH (M@t +K)Pa = PHj

P =


I 0

Q
T
rt
fH↵Qst I �Q

T
rtQrt

�



Moving band technique
67

consistent change of mesh
according to eccentricity

☹ possibly bad meshes
☹ difficulties when rotation

has to be considered

d

mrω

d

mrω

d− d+



Mortar element method
68

• variational non-conforming domain 
decomposition: moving and fixed domain 

• movement without re-meshing the whole 
computational domain

• transmission conditions weakly imposed via 
e.g. Lagrange multipliers

• overlapping non-matching grid 
= two overlapping FE models

• additive/multiplicative Schwarz
• flexible and accurate

2Ω
1Ω

2Γ

1Γ



Mortar FE method — Lagrange multipliers
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• Two spatial discretizations, one per subdomain
o non-matching grids 
o completely independent in overlapping region

• Transfer of information from               : 
• Transfer of information from               :

http://en.wikipedia.org/wiki/Lagrange_multipliers

find a and aM so that
Z

⌦\⌦M

� @ta · a0 d⌦+

Z

⌦\⌦M

⌫curla · curla0 d⌦ = 0

Z

⌦M

� @taM · a0
M d⌦+

Z

⌦M

⌫curlaM · curla0
M d⌦ = 0

holds 8a0 and a0
M in suitable function spaces

http://en.wikipedia.org/wiki/Lagrange_multipliers


Mortar FE method — Lagrange multipliers
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• The coupling matrices are described on the edges of the concern interface

• C and E defined on same mesh: not difficult
• D and H defined on different meshes:
• division of elements of the triangulations 
• overlapped by the edge e

http://en.wikipedia.org/wiki/Lagrange_multipliers

2 

3 Mortar element method 
Two discretizations in space depending on each subdomain 
are considered. They are non-matching grids and completely 
independent in the overlapping region. 
The transfert of information from Ω to Ωெ is realized on  Г by 
the condition: 

 C  𝐀𝐌|Г = D  𝐀                           (3)                 
The reverse transfer from moving to fixed subdomain is 
carried out through an interface chosen as a boundary (called 
𝛾) of the elements of Ω  completely overlapped by Ωெ, given 
as: 
                                           E  𝐀|ఊ =   H  𝐀𝐌                        (4) 
The coupling matrices issued from (3) and (4) are described, 
on the edges 𝑒 of the concerned interface, as: 

C(𝑖, 𝑗) = න൫𝒘௜
ெ. 𝜏௘൯൫𝒘௝

ெ. 𝜏௘൯,
௘∊Г

    D(𝑖, 𝑘) = න൫𝒘௜
ெ. 𝜏௘൯൫𝒘௞

ி. 𝜏௘൯
௘∊Г

 

E(𝑖, 𝑗) = න൫𝒘௜
ி. 𝜏௘൯൫𝒘௝

ி. 𝜏௘൯
௘∊ఊ

, H(𝑖, 𝑘) = න൫𝒘௜
ி. 𝜏௘൯൫𝒘௞

ெ. 𝜏௘൯
௘∊ఊ

 

              (5) 
where  𝒘௜

ி  and  𝒘௜
ெ are the functions of the Whitney edge 

elements which are defined in the discretizations of Ω and 
Ωெ, respectively. The matrices C and E concern discrete 
functions living on the same mesh. The main difficulty is to 
compute the matrices D and H  since both basis functions are 
defined on different meshes. To solve this problem, the 
concerned integrals of (5) are divided into the different 
elements of the triangulations overlapped by the edge 𝑒. 
The second step in the approximation of problem (2) is its 
temporal discretization in the interval [0, 𝑇] with 𝑇 > 0. A 
first order implicit Euler scheme is considered. 
In order to solve a single algebraic system, the conditions (3) 
and (4) are strongly imposed in the global matrix by replacing 
the part of the finite element matrix corresponding to the 
degrees of freedom of the edges of Г and 𝛾. 

4 Magnetodynamic case 

To evaluate the accuracy of the method, a simple 
magnetodynamic problem with mixed Dirichlet boundary 
conditions on 𝛛Ω are imposed. A disk with a radius equals to 
1 m is considered as the global domain Ω. A moving 
rectangular geometry is used for Ω𝑴 (Fig.2). 

               

 
 
 
 
 
 
 
Fig.2:Overlapping meshes: fixed (coarse mesh) and moving 
(fine mesh) domains. 
 

The accuracy is maintained with the mortar method. The good 
distribution of the field is observed between the subdomains 
(Fig.3). A comparison with a numerical solution evaluated 
without domain decomposition is realised. The optimality of 
the method can be shown in terms of convergence rates. 

Fig.3: Magnetic flux density (in Wb\mଶ) (left) and magnetic 
vector potential (T.m) at the triangle barycenters (right). 

5 Conclusion 
This paper presents a new MEM with overlapping 
subdomains and bidirectional information transfert. This 
method is introduced for edge elements. In the full paper, the 
calculation of the coupling matrix will be described, the 
quadrature formulas detailed and the final linear system 
defined. Comparisons with an analytical solution and a 
conventional finite element method without domain 
decomposition will be presented. 
 
Acknowledgements 
 
This work has the financial support of CEA-LIST. 

References 
[1]  C. R. I. Emson, C. P. Riley, D. A. Walsh, K. Ueda and 

T.   Kumano   “Modelling   eddy   currents   induced   by  
rotating  systems”,  IEEE Trans. Mag., vol 34, pp. 2593-
2596, (1998). 

[2]  I.   J.   Tsukerman.   “Overlapping   finite   element   for  
problems   with  movement”,   IEEE Trans. Mag., vol 28, 
pp. 2247-2249, (1992). 

[3]  C. Bernardi, Y.   Maday,   A.   Patera.   “A   new   non-
conforming approach to domain decomposition: the 
mortar element method”,   Seminaire XI du College de 
France in Nonlinear partial differential equationsand 
their applications, pp. 13-51, (1994). 

[4]  F.Ben Belgacem.   “The Mortar Finite Element Method 
with Lagrange Multipliers”,  Numer. Math., vol 84, pp. 
173-197, (1999). 

[5]  F. Rapetti.   “An Overlapping Mortar Element Approach 
to Coupled Magneto-Mechanical Problems”,   Math. 
Comput. Simul., vol 80, pp. 1647-1656, (2010). 

[6]  A. Ben Abdallah, F. Ben Belgacem, Y. Maday, F. 
Rapetti.   “Mortaring   the   two-dimensional edge finite 
elements for the discretization of some electromagnetic 
models”,  Mathematical Models and Methods in Applied 
Sciences, vol 14 , pp. 1635-1656, (2004). 

cij =

Z

e2�

�
wM

i �e

� �
wM

j �e

�
, dij =

Z

e2�

�
wM

i �e

� �
wF

k �e

�

eij =

Z

e2�

�
wF

i �e

� �
wF

j �e

�
, hij =

Z

e2�

�
wF

i �e

� �
wM

k �e

�

�e = Lagrange multipliers
wF

i = BFs in ⌦
wM

i = BFs in ⌦M

http://en.wikipedia.org/wiki/Lagrange_multipliers


Hybrid FE-BE model
71

• FE model
o domains with nonlinear media and/or induced currents 
o explicit mechanisms for truncating the domain required 
o sparse system matrix

• BE model
o movement ⇒ no re-meshing, no moving band,... 
o rigorous treatment for open problems
o dense system matrix

• Hybrid FE-BE model + acceleration method
o FE model for device at hand
o BE model for surrounding air and air gaps
o acceleration method: 

• fast multipole method 
• hierarchical matrix technique 

Low frequency tests
High frequency tests

Conclusions and Future lines

2D shielding problem
2D linear actuator
TEAM Workshop problem 28
A shunt capacitive MEM switch

2D linear actuator

permanent magnets constitute a lock

movement by applying a voltage pulse

commutation facilitated by two springs

2D hybrid FE-BE model

X magnetic vector potential a

X equivalent current layer q

electrical coupling

saturation
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