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Classical and weak formulations

[Partial differential problem ]

[ Classical formulation ] [ Notations ]
LL“f in £ /(u,v)=fu(x)v(x)dx , u,VELz(Q)\
Bu=g on I'=0Q O
[ u = classical solution 1 (u,v) =fu(x) v(x)dx , w,v €2 (L2)
| N - by

[ Weak formulation ]

[(u,L* V)—(f,v)+ng(V)ds=O : VVEV(Q)1

[ u = weak solution ]

= numerical solution

[v = test function {{ Continuous level : o x o system
Discrete level : n x n system




Classical and weak formulations

[ Application to the electrostatic problem ]

Electrostatic
classical formulation
I_‘e ™ I_‘d
nxe |.,=0 n.d|,=0
~— (d,gradVv')=0 , YV EV(Q) with V(Q)={vEHAQ);V|.=0}
= (divd,v')+<n.d,v'>=0 , VvV EVQ) Weak formulation
[l (} of divd=20
divd=0 n.d|=0 (+ boundary condition)
<~ d=c¢ce & e=—-gradv < curle=0
—>| (—egradv,gradv')=0 , VVv EV(Q) ] Electrostatic _
weak formulation with v
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Classical and weak formulations

[ Application to the magnetostatic problem ]

Magnetostatic
classical formulation

I_‘h \re
nxh |, =0 n.b|,=0

~— (b,grad¢)=0 , V¢'EDQ) with DQ)={dpEHAQ); |, =0}

= (divb,9')+<n.b,¢'>=0 , Vo' EDPQ) Weak formulation
J J of divb=0
divb=0 n.b |,.=0 (+ boundary condition)

<— b=uh & h=h,—grad¢ (with curlh,=j) < curlh=j

— (TR T | S—
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Magnetostatic formulations

8o

Maxwell equations
(magnetic - static)

curl h = _] b=uh
divb =

[ 0) Formulation]

"h" side

N

[ a Formulation]

"b" side
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Magnetostatic formulations

[ Basis equations]

(&

[curthj](h) b=uh - [divaO] b)

J

| 0) Formulation]

[ a Formulation

, Magnetic scalar potential ¢ ]

[ Magnetic vector potential al

[h h, - gradq)]=>(h OK (b)OK<=[ b = curla]

(non-unique)
[div(u(hs—gradd))):OJ < (b) & (m)

h, givensuch as curl h, = jJ

& (m){) curl (u! curla) Zj]

[ Multivalued potential
Cuts

Non-unique potential ]
Gauge condition ]
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Multivalued scalar potential

Kernel of the curl (in a domain Q)
ker(curl)={v:curlv=0}

grad
dom(grad) /\
cod(grad)

dom(curl)

. 0

Ay

cod(curl)

cod ( grad ) C ker ( curl )
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Multivalued scalar potential - Cut

OK
Scalar potential
[curthO inQ] [ P q)g]ﬂ

[ =_grad¢$ in
?
[ Circulation of h along path y,5 1n Q ]

[fh.dl= f—grad¢.dl=¢A—¢B\ 4 A

Y AB Y AB )

Closed path v,z (A=B)
surrounding a conductor (with current I)

(= 0a 0p=0=1 I11] U\ )

\ [q) must be discontinuous ... through a cut ]

[Ag=T]
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Vector potential - gauge condition

2]

OK
[div b=0 O ] [ Vector potential

[bzcurla inQJ

[Non-uniqueness of vector potential a ]

l b=curla=curl(a+gradn)J

\ [Gauge condition ]

— \\/‘

(Coulomb gauge diva=20 ]

/
Gauge a.mw= O] /7/\‘

[ o vector field with non-closed lines ]

linking any 2 points in €2

\_

W(r)\ \ / Q

\

N

\

/

\

/
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Magnetodynamic formulations

O
[ h-¢ Formulation] [ a Formulation]

( \ Oj;v% )
Maxwell equations
ve

(quasi-stationary)
 t-o Formulation|

curlh=j | b=uh
curle=—0,b| j=0ce
divb=0

"h" side | "b" side

a-v Formulatlon]
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Magnetodynamic formulations

<~ (b) —

‘ { Basis equations] \
[curlh=j] - curle=—9,b
g divh=0_ |0
(N J
h-¢ Formulation] [ t-o Formulation
( Magnetic field h Electric vector potential t
Magnetic scalar potential ¢ Magnetic scalar potential »
h ds Q. 1 ~ (h) OK oK [ j = curl t:
= _ C e .
h=h,—grad ¢ dsQ, {curth:js] [hzt—gradm

curl (0! curl h) + 9, (wh)=0 —inQ,—) | curl (o!curl t) + 9, (u(t—grad w))=0
div (u (h, — grad ¢)) = 0 —n9 ) | div(u(t-grd ) =0 [} Gauge
l
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Magnetodynamic formulations

‘ [ Basis equations] )
[curlhzj] - curl.e=—8tb
o divb=0 | @
. J
a Formulation] [ a-v Formulation
VM " : tential a Magnetic vector potential a\
L agnetic vector potential a ] Electric scalar potential v

J

'bzcurla*] [bzcurla‘
‘ = (b) OK (b) OK < ‘

*

re=—8ta [e=—ata—gradv‘

[ curl (u! curl a®) + o 9, a" = ] <~ (h) — [ curl (! curl a) + o (9, a + grad v)) = js]

[ + Gauge in Q¢ ] [ + Gauge in Q ]
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Electrostatic problem

—

[ Basis equations]

curle=0) d—ce | divd=p]|
‘[C Fe (—V): P Fq :B'
{  grade i . divd 1
Se0 Fel o | e =d | 4 Fdz Sd3
Jl *2 curle 5 curld 4 . | 5
Se Fe 0 (u) Fd Sd
di 4
Jz +3 1Ve gradd 1 0 | |
Se Fe 0 Fd Sd
AN RN
3 0
Se Sd
"o side e =— grad V] [ d = curl u]

‘ "d" side] J
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Electrokinetic problem W~

[ Basis equations]

[cuﬂe:o] [divj=o]

(C Feo (=V): 0 FJ3 :N
| grade : o divj 1
. _ 3
Seo Fel c €=J J FJ S]
{ v _curle curlj 1, { 5
Se Fe 0 (1) Fi S;
02 +3 dive grad;j 1 0 | .
Se Fe 0 FJ‘ S
AN AR
3 0
Se - S]
nen side e =— grad V] [ | CllI'l t] an 51de
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Magnetostatic problem

[ Basis equations]

’<m

{ gradp -

S F,! h wh=b

| v curly

1 2
Sh Fh J
div

Y b, dive
Sh Fh O

AN
Sy

LRI \ h =—grad ¢ b =curl a
. f h" side ] [ ]

€

‘ "b" side] )
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Magnetodynamic problem

~T -~

[ Basis equations]

[crlh ] curle=—9,b
url =
divb=0
(o )

‘[C Fy, (—9) ; 0 Fe 3\'
) I . . ——
¢ gradp : dive |

h=b
g0 Fy! (t) h = b Fo S >
curl . 1

SJhl F‘h2 ' j j=o¢ c (a :3; ) l:tel 81 2
' 9 c

} b divy grade | |
Sy F, 0 (-v) Fe Se
) \ RN .

Sk S
b=curl a €

N o h=t—gradq) [ ]
- h" side \ ]

[ e=—6ta—gradv]

‘ "b" side] )
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Continuous mathematical structure

‘ Domain Q, Boundary 0Q2 =T, U T, \

[ Basis structure ] [ Function spaces F 'CL?2 F,!CL? F2CL% F3CL? ]

dom (grad,)) =F,'={¢E€L¥(Q);gradpEL*(Q), ¢|,=0}
dom (curl,)) =F,!'={h€L*(Q);curlheL?(Q),nAh| =0}
dom (div)) =F?2={jELX(Q);divjEL¥(Q), n’{rh =0 }
[ grad, F,°CF,!, curl, F,! CF,?, \ div, F, 2 CF,;? ]

rad curl div
Sequence‘ FhO =L Fhl b th h Fh3]

[ Basis structure | Function spaces FCL? F!CL2 F2CL? F3CL?2

dom (grad,) =F'={veEL*(Q);gradvel*(Q), Vv|,.=0}
dom (curl)) =F!={a€Ll*(Q);culacL?(Q),nra| =0}
dom (div,) =F2={b€L3(Q);divbeEL3(Q), n.b|, =0}
l grad, F*CF/, curl F'CF2? | div, F? CF. Boundary conditions on I,

e 2

div curl, grad _
Sequence\[ F.> “—F,* “—F,! “—F,’ ]

Boundary conditions on I',
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Discrete mathematical structure

Continuous problem

Continuous function spaces & domain
Classical and weak formulations

Discretization ‘ Approximation

( Discrete problem]

Discrete function spaces piecewise defined
in a discrete domain (mesh)

[ Finite element method]

| Objective

[ Questions]

as similar as possible

as the continuous structure

Classical '& weak formulations — ?
Properties of the fields — ?

J To build a discrete s;tructure
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Discrete mathematical structure

4 )
Finite element

Interpolation in a geometric @ + f
element of simple shape

(e . 7T
Finite element space

Function space
& Mesh

+
5572

T N

Sequence of finite element spaces
Sequence of function spaces
& Mesh

o
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Finite elements

< Finite element (K, Py, 2y)
¢ K = domain of space (tetrahedron, hexahedron, prism)
¢ P, = function space of finite dimension n,, defined in K

¢ 2 = set of n, degrees of freedom
represented by n, linear functionals ¢,, 1 <i < n,
defined in P, and whose values belong to IR
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Finite elements

“ Unisolvance
V u € Py, uis uniquely defined by the degrees of freedom

< Interpolation
Degrees of freedom

ng /
ug =Y (0 p;
1=l \ Basis functions

“* Finite element space
Union of finite elements (K;, Py;, 2,.) such as :

o the union of the K, fill the studied domain (= mesh)

O some continuity conditions are satisfied across the element
interfaces
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Sequence of finite element spaces

{ [ Geometric elements ] J

Tetrahedral ] [ Hexahedra ] [ Prisms

(4 nodes) (8 nodes) (6 nodes)

wen) -

Nodes Edges Faces Volumes
iEN iEE iEF eV

Geometric entities

{[ [ s ][ s ] s ]J

Sequence of function spaces
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Sequence of finite element spaces

Functions | Properties | Functionals Dﬁg;%eosm"f
SO || {s;, 1EN} 5; (x) = 6Viij"j N evzll)l?liar‘l[‘;on Nodal value »C e:\le(r)rtljearlnj
S| {s;, 1€EE} JC s; .dl= 6;3,]. ) iIClitlggzl glig;l;lzggg »: eIE?ngeentj
S2|| {s;, 1EF} JC s; .nds =V fng isnlizfgar(z Flu)tgaz::(;ross »C e||;?nc:ntj
Sl ievi] fuo=t | e | imesn |=>( Somamt
4 | %
[ Bases] e Zq)i(u) § [ Finite elementsj
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Sequence of finite element spaces

Base Continuity across Codomains of the
functions element interfaces operators
SO || {s., 1EN} value ,
SO
S'|| {s;, 1€EE] tangential component grad SO C S! k J\_/L |
St | grad SO |
S2 || {s;, 1EF;} normal component curl S C S? J\_/L I
S2 [ curlS! |
S3|| {si, 1EV] discontinuity divS2C S3 < b
$? [ divs? ]
[ Conformity ] (Sequencej

[SO grad o1 _awl , 2 _div (3
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Function spaces S° et S3

For each node i €N — scalar field

s 0=px €3

_{1 at node i

Pi™ 0 at all other nodes

p; continuous in €2

For each Volume v&V — scalar field

s,=1/vol(v) € §?
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Edge function space S’

For each edge e; ={i, j} €E — vector field

| Definition of the set of nodes N ]_\

Ng mg =1 EN; iEfmop(q) , 0,p,q = n}

\—[ N.B.: In an element : 3 edges/node }/ \
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Edge function space S’

Geometric interpretation
of the vector field s,
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Function space S?

For each facet f = F — vector field
f=fup={ 01 k(1) }={d,d a5 (;q4) }

Sp = af‘%pqc grad(z pr) A grad(z pr)
reNF,CICEIC—I

reNF,Clc qc+l

s € S?

c=1
/_[ lllustration of the vector field s; ]
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Particular subspaces of S’

[ Kernel of the curl operator ]

[hESl(Q) ;curlh=0 nQLCCQ — hs?] —_—

[ Gauged subspace

acS(Q); b=curla €S*(Q) — a=? / [

[ Applications

Ampere equation
in a domain Q¢

without current
(<= 2)

Gauge condition}

on a vector potential

Gauge a.w=0

to fix a \

Definition of a

generalized source field h,
such that curl h, = j,
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Kernel of the curl operator

[ Case of simply connected domains J/

[H={h€sl(€2);cuﬂh=om QC }]

y h=—grad ¢ in Q.°

\ h=Ehasa= Ehksk+ Ehlsl

h, =fh.c11=f—grad<I>.<:11=<1>al ~ by,

Lab Lab “
h= E hy sy + E (¢a1 ‘¢b1)51

qBase of H = basis functions OP
e inner edges of €2,
«nodes of Q_°,

kEE . IEE .© q
~ A A B\
\ h=2hksk+ Zd)nvn Q%’
Zrer 2o |pi
with v, = Snj K
N n€E © )

\_ with those of 992, )
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Kernel of the curl operator

[ Case of multiply connected domains ]

[H={h€sl(€2);cuﬂh=om QC }]

\ . h=—grad ¢ in Q°
q) = q)cont + q)dISC (cuts)
¢+_¢7:¢|F+eci_¢|l:ecizli
discontinuity/

q)disc =E I q. ¢ of ddisc
i 4i
ieC

Transition layer of qi

side '

Cut I'eci

Vs

q; *defined in Q ©

\
N I =)

* unit discontinuity across I',;
Ii ¢; « continuous in a transition layer
kEA, nENCC =6 « zero out of this layer

with ¢ = E Sni (o : . 2

! . "W [Basis of H = basis functions of

- .
edges of Q¢ <— IrlleNAC - iInner edges of €2,
starting from a node of the cut=<—__ i R C
: nodes of Q
and located on side '+'<—— leN cC * ¢
k but not on the cut «—— JEN ecj \__*cuts of C J
7
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Gauged subspace of S*

[ Gauged space in Q ]

[b=curla] with a=Eaese S SI(Q) , b=2 brsy © SZ(Q)

e€E fEF
\ by = E i(e,f)a, , fEF = matrix form: by| = Cie
a
e€E e
- N Face-edge /
Tree =  setof edges connecting incidence matrix
(in Q) all the nodes of  without T\
forming any loop (E) 3 | |
\Co-tree = complementary set of the tree (E)j \
\[ Gauged space of SI(Q2) ] Py — |
(5@ - faeS@):a-0.YjER} || / .....
[a - 24 aisi_ € S (¥ - | | '~ co-tree B )

i€E ( Basis of S!(Q) = co-tree edge basis functions\
(explicit gauge definition)
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