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Maxwell’s equa/ons

Electrosta/cs

Electrokine/cs

Magnetosta/cs

Magneto-quasista/cs

Full wave

Electromagne8c Models

Electro-quasista/cs
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• Electrosta/cs 
• Distribu/on of electric field due to sta/c charges and/or levels of electric 

poten/al 

• Electrokine/cs 
• Distribu/on of sta/c electric current in conductors 

• Electro-quasista/cs (or "electrodynamics") 
• Distribu/on of electric field and electric current in materials (insula/ng and 

conduc/ng) 

• Magnetosta/cs 
• Distribu/on of sta/c magne/c field due to magnets and con/nuous currents 

• Magneto-quasista/cs (or "magnetodynamics") 
• Distribu/on of magne/c field and eddy current due to moving magnets and 

/me variable currents 

• Full wave 
• Propaga/on of electromagne/c fields

Electromagne8c Models
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Maxwell’s Equa8ons

Maxwell-Ampère’s equa/on

Faraday’s equa/on

Conserva/on equa/ons

h

b

j

magne/c field (A/m)

magne/c flux density (T)

current density (A/m2)

electric field (V/m)

electric displacement (C/m2)

charge density (C/m3)

}
e

d

ρq

curlh = j + @td

curl e = �@tb

div b = 0

divd = ⇢q
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∮

∂V
j · n ds = 0

Integral form: Ampère’s Law

div j = 0

∮

∂S
h · dl = I

∮

∂S
h · dl = I1 − I2

Circulation of magnetic field along 
closed curve equals algebraic sum of 

currents crossing the underlying surface

I1 I2

n

dl

S

∂S⇒

Conservation of current:

⇒ Sum of currents arriving at a 
node is zero

Magnetomotive force 
(m.m.f.)

curlh = j
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∮

∂V
b · n ds = 0

Integral form: Faraday’s Law

n

dl
S

∂S

Φ

⇒
∮

∂S
e · dl = −∂tΦ

Electromotive force 
(e.m.f.)

Any variation of magnetic flux through a 
circuit gives rise to an electromotive force

Conservation of magnetic flux density:

⇒ Magnetic flux lines are closed

div b = 0

For a circuit moving at speed    :
∮

∂S(t) f/q · dl =
∮

∂S(t) (e + v × b) · dl = −dt

∫
S(t) b · n dsf.e.m. =

v

curl e = �@tb
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Lorentz Force

Interaction of electromagnetic fields with a point charge 
moving at speed v

f = q(e + v × b)

For a conductor (electrically neutral, only negative charges 
moving):

Laplace Forcef = j ⇥ b = curlh⇥ b
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Electromagne8c Power

s = e× hPoynting vector:

Power exchanged with a volume (interior normal):

P =
∮

∂V
s · n ds = −

∫

V
div s dv =

∫

V
p dv

Power density:

p = −dive× h = −h · rot e + e · roth

⇒ p = h · ∂tb + e · j + e · ∂td
“magnetic” “conduction” “electric”
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Material Cons8tu8ve Rela8ons

b = µh

d = εe

j = σe

Magne/c rela/on

Dielectric rela/on

Ohm’s law

Characteris/cs of materials:

µ

ε

σ

magne/c permeability (H/m)

dielectric permievity (F/m)

electric conduc/vity (S/m)

constants (linear materials),  
func/ons of electromagne/c fields (nonlinear 
materials), tensorial (anisotropic materials), 

func/ons of other physical fields 
(temperature, ...)

}
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Magne8c Rela8on

b = µh µ = µrµ0
µ0

µr Rela/ve magne/c permeability

Vacuum permeability (                H/m)4π10−7{
• Diamagne/c and paramagne/c materials 

• Ferromagne/c materials

Linear materials (silver, copper, aluminum)

Nonlinear materials (steel, iron) 
Ferromagne/c-paramagne/c transi/on for T > TCurie (TCurie of iron : 1043 K)

µr ≈ 1

µr ! 1, µr = µr(h)

b(h) curves

Satura&on Hysteresis (non 
bijec&ve law)

Energy dissipa&on = 
cycle area

Steinmetz formula: physt = ωkhbν
max

11
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Dielectric Rela8on

d = "e " = "r"0
Rela/ve dielectric permievity

Vacuum permievity  
(8.854187817620... × 10−12 F/m)

{ "r

"0 =
1

µ0c20

"r at room temperature for f < 1kHz

Air 1.0006

Teflon 2.1

Polyethylene 2.25

Paper 3.85

Glass 3.7 - 10

Concrete 4.5

Water 80

12
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Ohm’s Law

j = σe (Resis/vity                ) ρ =
1
σ

• Metals : 

• Glass : 

• Ionic solu/ons :

Simple models for temperature dependency

ρ = ρ0(1 + α(T − T0))

ln ρ = A +
B

T
Common glass: ln ρ = −4.6 +

7678
T

σ = σ0 + α(T − T0)

Aluminum 2.7 10-8 4 10-3

Copper 1.7 10-8 3.9 10-3

Iron 9.6 10-8 6.5 10-3

ρ0 (T0 = 20◦C) α
(Ωm) (◦C−1)

Tap water: σ0 = 0.055 Ω−1m−1

α = 1.65 10−3 ◦C−1Ω−1m−1

T0 = 20◦C
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Model Choice

Maxwell’s equa/ons & cons/tu/ve rela/ons in frequency domain, without sources:

�e� i!�µe+ !2"µe = 0

Using characteris/c lengths L

� =

r
2

!�µ

� =
2⇡

k

k =
!

c

c =
1

p
"µ

• domain size 

• skin depth 

• wavelength                      , with
wave number

speed of light
{

allows to write in non-dimensional form:
✓

3

L2
� 2i

�2
+

4⇡

�2

◆
e = 0

14
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Model Choice

✓
3

L2
� 2i

�2
+

4⇡

�2

◆
e = 0

g1 =

✓
�

L

◆2

g2 =

✓
�

L

◆2

g3 =

✓
�

�

◆2

Non-dimensional numbers {
•                uncoupled electric or magne/c problems 

•                full wave (                 high-frequency asympto/cs)

g1 � 1

g1 . 1 g1 ! 0

g2 � 1

g2 . 1

g3 ⇡ 1

g3 � 1

g3 ⌧ 1

magnetosta/cs 

magnetodynamics 

electrokine/cs 

electrodynamics 

electrosta/cs

15



n⇥ e|�0e = 0

n · d|�0d = 0

curl e = 0

divd = ⇢q

d = "e

div "grad v = �⇢q e = �grad v

⌦c,i

⌦d,i

Applied & Computa/onal Electromagne/cs 
(ACE)
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Exterior region 

Conductors 

Dielectrics

Example: electric scalar poten/al formula/on

Electrosta8cs

• Formula/on for • the exterior region 
 • the dielectric regions 
• In each conduc/ng region          ,

⌦0

Boundary condi/ons

with

⌦0

⌦d,i

⌦c,i v = vi ) v|�c,i = vi
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Electrosta8cs

Cable bundles and high-voltage 
isolators
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Poten/al and electric field next to a 220 kV high voltage tower 

Electrosta8cs
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Electrosta8cs

Shunt Capaci/ve 
MEM switch Piezoelectric Motor

19
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Electrosta8cs

Effec/veness of electric field 
shields 

(T. Hubing, Clemson University)
20



curl e = 0

curlh = j ) div j = 0

j = �e

⌦c

n⇥ e|�0e = 0

n · j|�0j = 0

Applied & Computa/onal Electromagne/cs 
(ACE)
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Γ0e,0

Γ0e,1

Γ0j

e=?, j=?

Ωc

V = v1 – v0

Electrokine8cs

Conductor

Boundary condi/ons

div� grad v = 0 e = �grad v

Example: electric scalar poten/al formula/on

• Formula/on for the conduc/ng region 
• On each electrode          ,

with

⌦c
�0e,i v = vi ) v|�0e,i = vi



curl e = 0

curlh = j + @td ) div (j + @td) = 0

j = �e

d = "e

div (� grad v + "grad @tv) = 0

Applied & Computa/onal Electromagne/cs 
(ACE)
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Electro-quasista8cs

e = �grad v

Example: electric scalar poten/al formula/on

with
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COMPUMAG–SYDNEY 2011, STATIC FIELDS AND QUASI-STATIC FIELDS (III), PA10.2, CMP–305 2

Fig. 1. Mesh used for the numerical experiments [20]: a) full head (300,000 nodes, 27 tissues), b) grey matter, c) white matter.

matter �G(!) are modeled within a probabilistic framework,
as functions of the random variable !. Therefore jAvg , jmax,
j99�perc, eAvg , emax and e99�perc are random as well. In
particular, by using the maximum entropy principle [22] we
model (arbitrarily) �G(!) and �W (!) as independent random
variables, uniformly distributed:

�G(!) ⇠ U([0.0753 ; 0.5155]) (S/m) (1)
�W (!) ⇠ U([0.0533 ; 0.3020]) (S/m) (2)

C. The non intrusive approach

As the conductivities of the brain and the cerebellum are
two independent random variables of finite variance, we can
expand them as a truncated series of order pin in the bi-
dimensional Hermite polynomials of a random gaussian vector
⇠(!) = (⇠1(!), ⇠2(!)), known as Hermite chaos polynomials

[18]:

�G(!) ⇡
PinX

i=0

�Gi i(⇠(!)) (3)

�W (!) ⇡
PinX

i=0

�Wi i(⇠(!)) (4)

where �Gi and �Wi are scalar values that depend on the
probabilistic law of the conductivities, Pin = Cpin

2+pin
is the

number of bi-dimensional polynomials of order less than pin,
and  i is the ith bi-dimensional Hermite polynomial. To
solve the stochastic problem, we use an approach based on
a polynomial chaos decomposition of both the conductivity
and the induced fields [18]. We assume the conductivities to
be of finite variance, with no assumption on the shape of the
probabilistic distribution.

The values of the induced fields—the average current
density in the brain jAvg(!) = jAvg(⇠(!))—are computed
by the finite element method from any couple of values
(�G(⇠(!)),�W (⇠(!))). The average density belongs to a
space that can be spanned by the polynomials  (⇠(!)) and
thus written as a truncated series to an order pout:

jAvg(!) =
PoutX

m=0

jAvgm m(⇠(!)). (5)

To compute the value of the unknown real coefficients jAvgm,
we use the orthogonality properties of the Hermite polynomi-
als:

jAvgm =
E[jAvg(!) m(⇠(!))]

E[ m(⇠(!))2]
, (6)

where E[·] is the mathematical expectation. The denominator
can be computed analytically. The integral in the numerator
is computed by means of a Hermite Gauss integration scheme
with d integration points [18]:

E[jAvg(!) m(⇠(!))] ⇡
dX

i=1

...
dX

j=1

wi,j(jAvg((t1, t2)i,j)) m((t1, t2)i,j), (7)

with (t1, t2)i,j the i, j-th Gauss point and wi,j the associated
weight in the bi-dimensional Cartesian rule. The deterministic
problem must thus be computed d2 times, with the conductiv-
ity evaluated through (3) and (⇠1(!), ⇠2(!)) = (t1,= t2)i,j ,
i, j = 1, . . . , d.

III. RESULTS AND DISCUSSION

The non intrusive method is governed by three parame-
ters: pin, pout and d; pin is linked to the precision on the

Electrokine8cs & Electro-quasista8cs

Biological 
applica/ons



curlh = j

div b = 0

b = µh

⌦

⌦m

⌦s

j = js

curl
1

µ
curla = js b = curla

Applied & Computa/onal Electromagne/cs 
(ACE)
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Magnetosta8cs

Studied domain 

Magne/c domain 

Inductor

imposed source current density in inductor

Example: magne/c vector poten/al formula/on

with

b = µh+ bs

h =
1

µ
b+ hs

With magnets:
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Magnetosta8cs

MEMS magnetometer



curlh = j

curl e = �@tb

div b = 0

b = µh+ bs

j = �e+ js

⌦p

⌦a

e = �grad v � @ta

curl
1

µ
curla+ �(@ta+ grad v) = js

Applied & Computa/onal Electromagne/cs 
(ACE)
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Magneto-quasista8cs

⌦

⌦s

Studied domain 

Passive conductor 
and/or magne/c 
domain 

Ac/ve conductor 

Inductor

b = curla

Example: magne/c vector poten/al formula/on

with
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Inductor (por/on : 1/8th)

Stranded inductor - 
uniform current density (js)

Massive inductor - 
non-uniform current density (j)

Magneto-quasista8cs
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Foil winding inductance - current density (in a cross-sec/on)

All foils
With air gaps, Frequency f = 50 Hz

Magneto-quasista8cs
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Sudden primary and 
secondary current 

changes in the 
transformer

Magneto-quasista8cs

29
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Impedance change Magnetic field without defect

Eddy-current non-destruc/ve tes/ng

Magneto-quasista8cs

30
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Transverse induc/on hea/ng 

(nonlinear physical characteris/cs, 
moving plate, global quan//es)

Eddy current density

Temperature distribu/on

Search for op/miza/on of 
temperature profile

Magneto-quasista8cs

31
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Magneto-quasista8cs

Forces
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Magne/c field lines and electromagne/c force (N/m) 
(8 groups, total current 3200 A)

Currents in each of the  
8 groups in parallel 
non-uniformly distributed!

Magneto-quasista8cs



curlh = j + @td

curl e = �@tb

b = µh

d = "e

j = �e

curl curlh+ �µ@th+ "µ@2
t h = 0

curl curle+ �µ@te+ "µ@2
t e = 0

Applied & Computa/onal Electromagne/cs 
(ACE)
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Full Wave

Example: electric or magne/c field formula/ons

+ Silver-Müller radia/on condi/on at 
infinity (outgoing waves)



• Frequency and /me 
domain analyses 

• Uncoupled resolu/on

Magnetic flux density Electric field

Resistance, inductance and capacitance versus frequency

Applied & Computa/onal Electromagne/cs 
(ACE)
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Full Wave
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Antennas

15

Antennas

Full Wave

Log-periodic antenna
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Full Wave

Radar
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Full Wave
High-frequency 
scayering
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Fig. 1. This figure shows a part of the triangular mesh used for the finite
element modeling of the scattering problem of Fig. 3. The singular behavior
of the permittivity and of the permeability requires a very fine mesh along
the inner boundary of the cloak in order to achieve a satisfactory accuracy
with the numerical model.

Fig. 2. A conducting triangular cylinder is scattering cylindrical waves.

the cloak is shown to ease the comparison with the masked
case. On Fig. 3, the same cylindrical TM wave is scattered by
a masked triangular cylinder. This triangular cylinder is the
symmetric of the previous one with respect to the horizontal
plane containing the central fibre of the cylindrical antenna.
This bare scatterer would therefore give the Fig. 2 image
inverted upside-down but, here, this object is surrounded by
a cloak in order to give the very same scattering as before.
Indeed, on both sides, the electric fields outside the cloak limit
are alike.

The numerical computation is performed using the finite
element method (via the GetDP freeware [8]). The mesh is

made of 148,000 second order triangles. The singularity of ε

Fig. 3. A triangular cylinder different from the one on Fig. 2 is surrounded
by a cloak designed to reproduce the scattering pattern of the Fig. 2 triangular
cylinder in spite of the change of diffracting object.

and µ requires a very fine mesh in the vicinity of the inner
boundary of the cloak and is also responsible for the small
discrepancies between the numerical model and a perfect cloak
(including the non zero field in the hole of the cloak).

The rule (1) is applied but a small problem arises in
practice: the material properties are defined piecewise on
various domains and it is very useful to know explicitly the
boundaries of these domains, e.g. to build the finite element
mesh. These boundaries are curves in the cross section and
are thus contravariant objects. Therefore, their transformation
requires the inverse map ϕ−1 from M to N . Fortunately,
map (2) is very simple to invert. On Fig. (2) the image by
ϕ−1 of the triangle in the left side picture is the curvilinear
triangle inside the cloak in the right side picture. In practice,
this anamorphosis of the triangle is described by three splines
interpolating each 40 points.
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obtenues avec l’algorithme SCLinN est Pnum = n2
K er r Pphy s . De plus, nous savons que le pro-

cessus itératif est indépendant du coefficient non-linéaire n2
K er r caractéristique du matériau.

Ceci signifie que si n2
K er r est 1000 fois supérieur, alors la puissance à injecter pour obtenir la

solution non-linéaire (caractérisée par Pnum) est 1000 fois inférieure. L’utilisation des verres
de chalcogénures pour la fabrication des FOMs est donc un avantage pour l’étude expéri-
mentale de la non-linéarité dans ces structures.

! La structure considérée

L’utilisation de la silice ou des verres de chalcogénure associés à la présence des trous
d’air nous font bien évidemment sortir de l’approximation du guidage faible. Dans le cas
linéaire, l’indice de réfraction n0 est alors :

n0(x, y) =
{

1.45 dans la matrice en silice
1.0 dans les trous d’air

FIGURE 3.3 – Fibre optique microstructurée à cœur plein de diamètre extérieur 140 µm compo-
sée d’une matrice en verre de chalcogénure (présentant un fort coefficient non-linéaire environ
120 fois supérieur à celui de la silice) et de 3 rangées de trous d’air. (diam. cœur ≈ 10 µm).
Photo : L. Brilland, J. Troles - Université de Rennes et Perfos.

La FOM peut être vue comme un réseau fini de trous d’air dans lequel une inclusion est
omise au centre créant un défaut et constituant le cœur de la fibre où se propage le mode
fondamental que nous souhaitons étudier. Comme nous pouvons le voir sur la figure 3.3,
l’utilisation des FOMs permet d’aborder une structure bien plus complexe et intéressante
que la fibre à saut d’indice.

En effet, la taille des inclusions et leur espacement Λ peuvent être modifiés. De ce fait, la
taille du défaut central (cœur) peut varier de manière importante. Enfin, le contraste d’indice
dans le cas linéaire est également beaucoup plus important que la fibre à saut d’indice. Ceci
ce traduit donc dans les propriétés physiques de la fibre et notamment la modulation des ef-
fets non-linéaires.

" Remarque importante 10 : La FOM étant constituée d’inclusions d’air entourées d’une
matrice de silice, nous ne sommes plus dans l’approximation du guidage faible. Ce-
pendant, pour la validation de la méthode numérique et l’interprétation des résultats

Microstructured op/cal fibers: photonic crystal & non-linear (Kerr) effects 
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gaussienne injectée initialement dans la FOM (figures 3.24(a) et 3.24(b)) est nulle dans
les inclusions pour éviter de perturber le système.

(a) σ0/σl i n = 1.0 (b) σ0/σl i n = 3.4 (c) Répartition du
champ de la solution
non-linéaire auto-
cohérente

(d) Zoom au centre de la
FOM

FIGURE 3.24 – Répartition du champ dans la fibre optique microstructurée à λ= 5.0 µm pour
deux fonctions gaussienne ((a) and (b)) et pour le soliton spatial ((c) and (d)).

! Une unique solution non-linéaire auto-cohérente ou soliton spatial :
L’étude des deux algorithmes SCLin1D et SCGauss2D nous a permis de mettre en évidence
une unique solution non-linéaire auto-cohérente pour une longueur d’onde fixée et
dans une géométrie donnée. La solution de SCLin1D est en outre la même que celle obte-
nue par l’algorithme SCGauss2D. Nous choisissons dès lors d’utiliser l’algorithme SCLin1D

dans la suite car, d’un point de vue physique, son étude est plus cohérente dans le cadre
d’une analyse en longueur d’onde. En effet, partant de la solution issue du problème li-
néaire, l’algorithme SCLin1D est initialisé par une solution physique et non une fonction
dont la forme est arbitrairement choisie. Enfin, l’utilisation de l’algorithme SCLin1D est
beaucoup plus rapide puisqu’il met en jeu un balayage mono-dimensionnel.

Comme nous l’avons montré dans les sections 3.4.1 et 3.4.2, il existe un unique minimum
de résidu déterminé au terme d’un balayage régulier selon l’amplitude (algorithme SCLin1D)
ou selon l’amplitude et la forme (algorithme SCGauss2D) de la solution initiale. Cependant,
pour atteindre un résidu égal à la précision machine (10−15) un balayage très fin donc très
coûteux en temps de calcul doit être réalisé.

Pour nous affranchir de cette contrainte, nous avons choisi d’utiliser une routine permet-
tant la recherche d’un minimum d’une fonction. Il s’agit d’un procédé basé sur la recherche
par section du nombre d’or dont une description complète peut-être consultée dans la ré-
férence [11]. Le principe général est présenté par la figure 3.25. Dans cet exemple, la courbe
montre l’évolution du résidu suivant l’amplitudeχ0 de la solution issue du problème linéaire.
Chaque point de la courbe correspond à un résidu obtenu à la convergence de l’algorithme
SCLin1D. Bien entendu, au départ nous n’avons que les points " et #. L’ensemble de la courbe
est obtenu au fur et à mesure de la recherche du minimum.

Grâce à cette technique, le minimum de résidu est obtenu plus rapidement et plus pré-
cisément dans le cadre d’une recherche mono-dimensionnelle selon l’amplitude (cas de l’al-
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