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Introduction

Batch-mode vs Online-mode Supervised Learning (Notations)

I Objects (or observations): LS = {o1, . . . , oN}
I Attribute vector: ai = (a1(oi ), . . . , an(oi ))T , ∀i = 1, . . . ,N.

I Outputs: y i = y(oi ) or c i = c(oi ), ∀i = 1, . . . ,N.

I LS Table
o a1(o) a2(o) . . . an(o) y(o)

1 a1
1 a1

2 . . . a1
n y1

2 a2
1 a2

2 . . . a2
n y2

...
...

...
...

...
...

N aN1 aN2 . . . aNn yN

Focus for this lecture on numerical inputs, and numerical outputs (classes
will be encoded numerically if needed).
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Introduction

Batch-mode vs online mode learning

I In batch-mode
I Samples provided and processed together to construct model
I Need to store samples (not the model)
I Classical approach for data mining

I In online-mode
I Samples provided and processed one by one to update model
I Need to store the model (not the samples)
I Classical approach for adaptive systems

I But both approaches can be adapted to handle both contexts
I Samples available together can be exploited one by one
I Samples provided one by one can be stored and then exploited together
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Introduction

Motivations for Artificial Neural Networks

Intuition: biological brain can learn, so let’s try to be inspired by it to build
learning algorithms.

I Starting point: single neuron models
I perceptron, LTU and STU for linear supervised learning
I online (biologically plausible) learning algorithms

I Complexify: multilayer perceptrons
I flexible models for non-linear supervised learning
I universal approximation property
I iterative training algorithms based on non-linear optimization

I ...other neural network models of importance
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Single neuron models
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Single neuron models

Single neuron models

The biological neuron:

Human brain: 1011 neurons, each with 104 synapses
Memory (knowledge): stored in the synapses
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Single neuron models Hard threshold unit (LTU) and the perceptron

Hard threshold unit...

A simple (simplistic) mathematical model of the biological neuron

Batch-mode vs Online-mode Supervised Learning
Motivations for Artificial Neural Networks

Linear ANN Models
Nonlinear ANN Models

Wrap up discussion

Single neuron models
Single layer models

Hard threshold unit...

A simple (simplistic) mathematical model of the biological neuron

1

g(a(o)) = sgn
{
w0 + wTa(o)

}

= sgn
{
w′Ta′(o)

}

w0

a1

an wn

w1

Parameters to adapt to problem: w′
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Parameters to adapt to problem: w ′
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Single neuron models Hard threshold unit (LTU) and the perceptron

...and the perceptron learning algorithm

1. For binary classification: c(o) = ±1.

2. Start with an arbitrary initial weight vector, e.g. w ′
0 = 0.

3. Consider the objects of the LS in a cyclic or random sequence.

4. Let oi be the object at step i , c(oi ) its class and a(oi ) its attribute
vector.

5. Adjust the weight by using the following correction rule,

w ′
i+1 = w ′

i + ηi (c(oi )− gi (a(oi ))) a′(oi ).

I w ′i changes only if oi is not correctly classified
I it is changed in the right direction (ηi > 0 is the learning rate)
I at any stage, w ′i is a linear combination of the a(oi ) vectors
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Single neuron models Hard threshold unit (LTU) and the perceptron

Geometrical view of update equation

Batch-mode vs Online-mode Supervised Learning
Motivations for Artificial Neural Networks

Linear ANN Models
Nonlinear ANN Models

Wrap up discussion

Single neuron models
Single layer models

Geometrical view of update equation

a(o), c(o) = +1

wi

a0

a1

a0 = 1

+

−

Updated hyperplane

2ηa(o)
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Single neuron models Hard threshold unit (LTU) and the perceptron

Geometrical view of update equation

Batch-mode vs Online-mode Supervised Learning
Motivations for Artificial Neural Networks

Linear ANN Models
Nonlinear ANN Models

Wrap up discussion

Single neuron models
Single layer models

Geometrical view of update equation

Updated hyperplanewi

a0

a1

a0 = 1

+

−

2ηa(o)

a(o), c(o) = +1
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Single neuron models Soft threshold unit (STU) and gradient descent

Soft threshold units (STU)...

The input/output function g(a) of such a device is computed by

g(a(o))
4
= f (w0 + wTa(o)) = f (w ′Ta′(o))

where the activation function f (·) is assumed to be differentiable. Classical
examples of activation functions are the sigmoid

sigmoid(x) =
1

1 + exp(−x)
,

and the hyperbolic tangent

tanh(x) =
exp(x)− exp(−x)

exp(x) + exp(−x)
,
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Single neuron models Soft threshold unit (STU) and gradient descent

... and gradient descent

Find vector w ′T = (w0,wT ) minimizing the square error (TSE)

TSE (LS ,w ′) =
∑

o∈LS
(g(a(o))− y(o))2 =

∑

o∈LS

(
f (w ′Ta′(o))− y(o)

)2
.

The gradient with respect to w ′ is computed by

∇w ′TSE (LS ,w ′) = 2
∑

o∈LS
(g(a(o))− y(o)) f ′(w ′Ta′(o))a′(o),

where f ′(·) denotes the derivative of the activation function f (·).

The gradient descent method works by iteratively changing the weight
vector by a term proportional to −∇w ′TSE (LS ,w ′).
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Single neuron models Soft threshold unit (STU) and gradient descent

... and stochastic online gradient descent

Fixed step gradient descent in online-mode:

1. For binary classification: c(o) = ±1.

2. Start with an arbitrary initial weight vector, e.g. w ′
0 = 0.

3. Consider the objects of the LS in a cyclic or random sequence.

4. Let oi be the object at step i , c(oi ) its class and a(oi ) its attribute
vector.

5. Adjust the weight by using the following correction rule,

w ′
i+1 = w ′

i − ηi∇w ′SE (oi ,w ′
i )

= w ′
i + 2ηi [c(oi )− gi (a(oi ))] f ′(w ′T

i a′(oi ))a′(o),

(SE (o,w ′) is the contribution of object o in TSE (LS ,w ′).)
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Single neuron models Theoretical properties

Theoretical properties

I Convergence of the perceptron learning algorithm
I If LS is linearly separable: converges in a finite number of steps.
I Otherwise: converges with infinite number of steps, if ηi → 0.

I Convergence of the online or batch gradient descent algorithm
I if ηi → 0 (slowly), and infinite number of steps, same solution
I if f (·) linear, finds same solution as linear regression

NB: slow ηi → 0 means
I limm→∞

∑m
i=1 ηi = +∞

I limm→∞
∑m

i=1 η
2
i < +∞
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Multilayer perceptron
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Multilayer perceptron Definition and expressiveness

Multilayer perceptron

I Single neuron models are not more expressive than linear models

I Solution: connect several neurons to form a potentially complex non-linear
parametric model

I Most common non-linear ANN structure is multilayer perceptron, i.e.,
multiple layers of neurons, with each layer fully connected to the next.

I E.g., MLP with 3 inputs, 2 hidden layers of 4 neurons each, and 2 outputs

hidden	layers Output	layerInput	layer
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Multilayer perceptron Definition and expressiveness

Multilayer perceptron: mathematical definition (1/3)

L number of layers

I Layer 1 is the input layer
I Layer L is the output layer
I Layers 2 to L− 1 are the hidden layers

sl (1 ≤ l ≤ L): number of neurons in the lth layer (s1 (= n) is the number of inputs,
sL is the number of outputs)

a
(l)
i (o) (1 < l ≤ L, 1 ≤ i ≤ sl): the activation (i.e., output) of the ith neuron of layer l for

an object o.

f (l) (2 ≤ l ≤ L): the activation function of layer l

w
(l)
i,j (1 ≤ i ≤ sl+1, 1 ≤ j ≤ sl): the weight of the edge from neuron j in layer l to

neuron i in layer l + 1

w
(l)
i,0 (1 ≤ i ≤ sl+1): the bias/intercept of neuron i in layer l + 1.
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Multilayer perceptron Definition and expressiveness

Multilayer perceptron: mathematical definition (2/3)

Predictions can be computed recursively:

a
(1)
i (o) = ai (o), ∀i : 1 ≤ i ≤ n

a
(l+1)
i (o) = f (l+1)(w

(l)
i,0 +

sl∑

j=1

w
(l)
i,j a

(l)
k (o)), ∀1 < l < L, 1 ≤ i ≤ sl

(1)

Or in matrix notation:

a(1)(o) = a(o),

a(l+1)(o) = f (l+1)(W ′(l)a′(l)(o)) ∀1 < l < L,

with W ′(l) ∈ IRsl+1×sl+1 defined as (W ′(l))i,j = w
(l)
i,j−1 and a′ defined as

previously.
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Multilayer perceptron Definition and expressiveness

Multilayer perceptron: mathematical definition (3/3)

hidden	layers Output	layerInput	layer

a1(o)

a2(o)

a3(o)

a
(1)
1 (o)

a
(1)
2 (o)

a
(1)
3 (o)

a
(2)
1 (o)

a
(2)
2 (o)

a
(2)
3 (o)

a
(2)
4 (o)

w
(1)
1,1

w
(1)
4,3

w
(2)
1,1

w
(2)
4,4

w
(3)
1,1

w
(3)
2,4

Id

Id

Id

a
(3)
1 (o)

a
(3)
2 (o)

a
(3)
3 (o)

a
(3)
4 (o)

a
(4)
1 (o)

a
(4)
2 (o)

a(1)(o) a(2)(o) a(3)(o) a(4)(o)

W (1) W (2)

W (3)

⌃|f (2)

⌃|f (2)

⌃|f (2)

⌃|f (2)

⌃|f (3)

⌃|f (4)

⌃|f (3)

⌃|f (3)

⌃|f (3)

⌃|f (4)

a(l+1)(o) = f (l+1)(W ′(l)a′(l)(o))

(w
(l)
i,0 weights are omitted from all figures)
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Multilayer perceptron Definition and expressiveness

Representation capacity of MLP: classification (1/2)

I Geometrical insight in the representation capacity
I Two hidden layers of hard threshold units

I First hidden layer: can define a collection of hyperplanes/semiplanes
I Second hidden layer: can define arbitrary intersections of semiplanes
I Output layer: can define abitrary union of intersections of semi-planes
I Conclusion: with a sufficient number of units, very complex regions can

be described

I Soft threshold units:
I hidden layers can distort the input space to make the classes linearly

separable by the output layer
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Multilayer perceptron Definition and expressiveness

Representation capacity of MLP: classification (2/2)

be seen as a kind of hilly landscape in the high-dimensional space of 
weight values. The negative gradient vector indicates the direction 
of steepest descent in this landscape, taking it closer to a minimum, 
where the output error is low on average. 

In practice, most practitioners use a procedure called stochastic 
gradient descent (SGD). This consists of showing the input vector 
for a few examples, computing the outputs and the errors, computing 
the average gradient for those examples, and adjusting the weights 
accordingly. The process is repeated for many small sets of examples 
from the training set until the average of the objective function stops 
decreasing. It is called stochastic because each small set of examples 
gives a noisy estimate of the average gradient over all examples. This 
simple procedure usually finds a good set of weights surprisingly 
quickly when compared with far more elaborate optimization tech-
niques18. After training, the performance of the system is measured 
on a different set of examples called a test set. This serves to test the 
generalization ability of the machine — its ability to produce sensible 
answers on new inputs that it has never seen during training. 

Many of the current practical applications of machine learning use 
linear classifiers on top of hand-engineered features. A two-class linear 
classifier computes a weighted sum of the feature vector components. 
If the weighted sum is above a threshold, the input is classified as 
belonging to a particular category. 

Since the 1960s we have known that linear classifiers can only carve 
their input space into very simple regions, namely half-spaces sepa-
rated by a hyperplane19. But problems such as image and speech recog-
nition require the input–output function to be insensitive to irrelevant 
variations of the input, such as variations in position, orientation or 
illumination of an object, or variations in the pitch or accent of speech, 
while being very sensitive to particular minute variations (for example, 
the difference between a white wolf and a breed of wolf-like white 
dog called a Samoyed). At the pixel level, images of two Samoyeds in 
different poses and in different environments may be very different 
from each other, whereas two images of a Samoyed and a wolf in the 
same position and on similar backgrounds may be very similar to each 
other. A linear classifier, or any other ‘shallow’ classifier operating on 

Figure 1 | Multilayer neural networks and backpropagation. a, A multi-
layer neural network (shown by the connected dots) can distort the input 
space to make the classes of data (examples of which are on the red and 
blue lines) linearly separable. Note how a regular grid (shown on the left) 
in input space is also transformed (shown in the middle panel) by hidden 
units. This is an illustrative example with only two input units, two hidden 
units and one output unit, but the networks used for object recognition 
or natural language processing contain tens or hundreds of thousands of 
units. Reproduced with permission from C. Olah (http://colah.github.io/). 
b, The chain rule of derivatives tells us how two small effects (that of a small 
change of x on y, and that of y on z) are composed. A small change Δx in 
x gets transformed first into a small change Δy in y by getting multiplied 
by ∂y/∂x (that is, the definition of partial derivative). Similarly, the change 
Δy creates a change Δz in z. Substituting one equation into the other 
gives the chain rule of derivatives — how Δx gets turned into Δz through 
multiplication by the product of ∂y/∂x and ∂z/∂x. It also works when x, 
y and z are vectors (and the derivatives are Jacobian matrices). c, The 
equations used for computing the forward pass in a neural net with two 
hidden layers and one output layer, each constituting a module through 

which one can backpropagate gradients. At each layer, we first compute 
the total input z to each unit, which is a weighted sum of the outputs of 
the units in the layer below. Then a non-linear function f(.) is applied to 
z to get the output of the unit. For simplicity, we have omitted bias terms. 
The non-linear functions used in neural networks include the rectified 
linear unit (ReLU) f(z) = max(0,z), commonly used in recent years, as 
well as the more conventional sigmoids, such as the hyberbolic tangent, 
f(z) = (exp(z) − exp(−z))/(exp(z) + exp(−z)) and logistic function logistic, 
f(z) = 1/(1 + exp(−z)). d, The equations used for computing the backward 
pass. At each hidden layer we compute the error derivative with respect to 
the output of each unit, which is a weighted sum of the error derivatives 
with respect to the total inputs to the units in the layer above. We then 
convert the error derivative with respect to the output into the error 
derivative with respect to the input by multiplying it by the gradient of f(z). 
At the output layer, the error derivative with respect to the output of a unit 
is computed by differentiating the cost function. This gives yl − tl if the cost 
function for unit l is 0.5(yl − tl)2, where tl is the target value. Once the ∂E/∂zk 
is known, the error-derivative for the weight wjk on the connection from 
unit j in the layer below is just yj ∂E/∂zk.

Input
(2)

Output
(1 sigmoid)

Hidden
(2 sigmoid)

a b

dc

y
y

x
y xx

x=y
z

x
x

x
y

x
x

z y
zz yx

x=Δ Δ

Δ Δ

Δ Δz y
z

x
y xx

x
x
x=

x
z

y
z

xx
y

x
x

x
x

x
x=

Compare outputs with correct 
answer to get error derivatives

j

k

E
yl

=yl tl

E
zl

= E
yl

yl

zl

l

E
yj

= wjk
E
zk

E
zj

= E
yj

yj

zj

E
yk

= wkl
E
zl

E
zk

= E
yk

yk

zk

wkl

wjk

wij

i

j

k

yl = f (zl )

zl = wkl yk
l

yj = f (zj )

zj = wij xi

yk = f (zk )

zk = wjk yj

Output units 

Input units 

Hidden units H2 

Hidden units H1 

wkl

wjk

wij

k H H2

k H H2

I H out

j H H1

i H Input

i
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© 2015 Macmillan Publishers Limited. All rights reserved

(lecun et al., Nature, 2015)
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Multilayer perceptron Definition and expressiveness

Representation capacity of MLP: regression

I Function approximation insight
I One hidden layer of soft threshold units

I One-dimensional input space illustration
I Hidden layer defines K offset and scale parameters αi , βi , i = 1 . . .K :

responses f (αix + βi )
I Output layer (linear): ŷ(x) = b0 +

∑K
i=1 bi f (αix + βi )

I Theoretical results:
I Every bounded continuous function can be approximated with arbitrary

small error
I Any function can be approximated to arbitrary accuracy by a network

with two hidden layers

http://cs.stanford.edu/people/karpathy/convnetjs/demo/regression.html
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Multilayer perceptron Learning algorithms

Learning algorithms for multilayer perceptrons

Main idea:

I Define a loss function that compares the output layer predictions (for an
object o) to the true outputs (with W all network weights):

L(g(a(o);W), y(o))

I Training = finding the parameters W that minimizes average loss over the
training data

W∗ = arg min
W

1

N

∑

o∈LS
L(g(a(o);W), y(o))

I Use gradient descent to iteratively improve an initial value of W.

Require to compute the following gradient (for all i , j , l , o):

∂

∂w
(l)
i,j

L(g(a(o);W), y(o))
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Multilayer perceptron Learning algorithms

Backpropagation of derivatives

I These derivatives can be computed efficiently using the backpropagation
algorithm.

I Let us derive this algorithm in the case of a single regression output, square
error, and assuming that all activation functions are similar:

L(g(a(o);W), y(o)) =
1

2
(g(a(o);W)− y(o))2 =

1

2
(a

(L)
1 (o)− y(o))2

I In the following, we will denote by z
(l)
i (o) (1 < l ≤ L, 1 ≤ i ≤ sl) the values

sent through the activation functions:

z
(l)
i (o) = w

(l−1)
i,0 +

sl−1∑

j=1

w
(l−1)
i,j a

(l−1)
j (o) z (l)(o) = W ′(l−1)a′(l−1)(o) (2)

(We thus have a
(l)
i (o) = f (z

(l)
i (o)))
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Multilayer perceptron Learning algorithms

Backpropagation of derivatives

Using the chain rule of partial derivatives, we have1:

∂

∂w
(l)
i,j

L(g(a;W), y) =
∂L(. . .)

∂a
(l+1)
i

∂a
(l+1)
i

∂z
(l+1)
i

∂z
(l+1)
i

∂w
(l)
i,j

Given the definitions of a
(l+1)
i and z

(l+1)
i , the last two factors are computed as:

∂a
(l+1)
i

∂z
(l+1)
i

= f ′(z (l+1)
i )

∂z
(l+1)
i

∂w
(l)
i,j

= a
(l)
j (with a

(l)
0 = 1)

and thus:
∂

∂w
(l)
i,j

L(. . .) =
∂L(. . .)

∂a
(l+1)
i

f ′(z (l+1)
i )a

(l)
j . (3)

1
Object argument ((o)) is omitted to simplify the notations
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Multilayer perceptron Learning algorithms

Backpropagation of derivatives

For the last (output) layer, we have:

∂L(. . .)

∂a
(L)
1

=
∂

∂a
(L)
1

{1

2
(a

(L)
1 − y)2} = (a

(L)
1 − y)

For the inner (hidden) layers, we have (1 ≤ l < L):

∂L(. . .)

∂a
(l)
i

=

sl+1∑
j=1

∂L(. . .)

∂z
(l+1)
j

∂z
(l+1)
j

∂a
(l)
i

=

sl+1∑
j=1

∂L(. . .)

∂a
(l+1)
j

∂a
(l+1)
j

∂z
(l+1)
j

∂z
(l+1)
j

∂a
(l)
i

=

sl+1∑
j=1

∂L(. . .)

∂a
(l+1)
j

f ′(z
(l+1)
j )w

(l)
j,i

Defining δ
(l)
i = ∂L(...)

∂a
(l)
i

f ′(z
(l)
i ), we have2 (2 ≤ l < L):

δ
(L)
1 (o) = (a

(L)
1 (o)− y(o))f ′(z

(L)
1 (o)) δ

(l)
i (o) = (

sl+1∑
j=1

δ
(l+1)
j (o)w

(l)
j,i )f ′(z

(l)
i (o)) (4)

2
Reintroducing object argument
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Multilayer perceptron Learning algorithms

Backpropagation of derivatives

Or in matrix notations:

δ(L)(o) = (a(L)(o)− y(o))f ′(z (L)(o))

δ(l)(o) = ((W (l))Tδ(l+1)(o))f ′(z (l)(o)) 2 ≤ l < L,

with W (l) ∈ IRsl+1×sl defined as (W (l))i,j = w
(l)
i,j .
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Multilayer perceptron Learning algorithms

Backpropagation of derivatives: summary

To compute all partial derivatives ∂L(g(a(o);W),y(o))

∂w
(l)
i,j

for a given object o:

1. compute a
(l)
i (o) and z

(l)
i (o) for all neurons using (1) and (2)

(forward propagation)

2. compute δ
(l)
i (o) for all neurons using (4)

(backward propagation)

3. Compute (using (3)):

∂L(g(a(o);W), y(o))

∂w
(l)
i,j

= δ
(l+1)
i (o)a

(l)
j (o)

NB: Backpropagation can be adapted easily to other (differentiable) loss
functions and feedforward (i.e., without cycles) network structure
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Multilayer perceptron Learning algorithms

Backpropagation of derivatives: illustration

a1(o)

a2(o)

a3(o)

a
(1)
1 (o)

a
(1)
2 (o)

a
(1)
3 (o)

a
(2)
1 (o)

a
(2)
2 (o)

a
(2)
3 (o)

a
(2)
4 (o)

w
(1)
1,1

w
(1)
4,3

w
(2)
1,1

w
(2)
4,4

Id

Id

Id

a(1)(o) a(2)(o) a(3)(o) a(4)(o)

W (1) W (2)

Forward	propagation

w
(3)
1,1

w
(3)
2,4

a
(3)
1 (o)

a
(3)
2 (o)

a
(3)
3 (o)

a
(3)
4 (o)

a
(4)
1 (o)

a
(4)
2 (o)

W (3)

⌃|f (2)

⌃|f (2)

⌃|f (2)

⌃|f (2)

⌃|f (3)

⌃|f (4)

⌃|f (3)

⌃|f (3)

⌃|f (3)

⌃|f (4)

a(l+1)(o) = f (l+1)(W ′(l)a′(l)(o))
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Multilayer perceptron Learning algorithms

Backpropagation of derivatives: illustration

Backward	propagation

a1(o)

a2(o)

a3(o)

a
(1)
1 (o)

a
(1)
2 (o)

a
(1)
3 (o)

a
(2)
1 (o)

a
(2)
2 (o)

a
(2)
3 (o)

a
(2)
4 (o)

w
(1)
1,1

w
(1)
4,3

w
(2)
1,1

w
(2)
4,4

w
(3)
1,1

w
(3)
2,4

⌃|f (2)

Id

Id

Id

⌃|f (2)

⌃|f (2)

⌃|f (2)

⌃|f (3)

a
(3)
1 (o)

a
(3)
2 (o)

a
(3)
3 (o)

a
(3)
4 (o)

a
(4)
1 (o)

a
(4)
2 (o)

W (1) W (2)

W (3)

�(4)(o)�(3)(o)�(2)(o)

�
(4)
1 (o)

�
(4)
2 (o)

�
(3)
1 (o)

�
(3)
2 (o)

�
(3)
3 (o)

�
(3)
4 (o)

�
(2)
1 (o)

�
(2)
2 (o)

�
(2)
3 (o)

�
(2)
4 (o)

(a
(4)
2 (o)� y(o))f 0(4)(z(4)

2 (o))

(a
(4)
1 (o)� y(o))f 0(4)(z(4)

1 (o))⌃|f (4)

⌃|f (3)

⌃|f (3)

⌃|f (3)

⌃|f (4)

δ(l)(o) = ((W (l))Tδ(l+1)(o))f ′(z (l)(o))
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Multilayer perceptron Learning algorithms

Online or batch gradient descent with backpropagation

1. Choose a network structure and a loss function L.

2. Initialize all network weights w
(l)
i,j appropriately.

3. Repeat until some stopping criterion is met:

3.1 Using backpropagation, compute either (batch mode):

∆w
(l)
i,j =

1

N

∑
o∈LS

∂L(g(a(o);W), y(o))

∂w
(l)
i,j

,

or (online mode):

∆w
(l)
i,j =

∂L(g(a(o);W), y(o))

∂w
(l)
i,j

for a single object o ∈ LS chosen at random or in a cyclic way.
3.2 Update the weights according to:

w
(l)
i,j ← w

(l)
i,j − η∆w

(l)
i,j ,

with η ∈]0, 1], the learning rate.
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Multilayer perceptron Learning algorithms

Between online and batch gradient descent

Mini-batch is commonly used

I Compute each gradient over a small subset of q objects

I Between stochastic (q = 1) and batch (q = N) gradient descent

I Sometimes can provide a better tradeoff in terms of optimality and speed.

I One gradient computation is called an iteration, one sweep over all training
examples is called an epoch.

I It’s often beneficial to keep original class proportion in mini-batches

Initial values of the weights:

I They have an influence on the final solution

I Not all to zero to break symetry

I Typically: small random weights, so that the network first operates close to
linearity and then its non-linearity increases when training proceeds.
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Multilayer perceptron Learning algorithms

More on backpropagation and gradient descent

I Will find a local, not necessarily global, error minimum.

I Computational complexity of gradient computations is low (linear w.r.t.
everything) but training can require thousands of iterations.

I Any general technique to make gradient descent converge faster or better
can be applied to MLP training (second-order techniques, conjugate
gradient, learning rate adaptation, etc.).

I Common improvement of SGD: Momentum update (with µ ∈ [0, 1])

∆
(l)
i,j ← µ∆

(l)
i,j − η∆w

(l)
i,j ; w

(l)
i,j ← w

(l)
i,j + ∆

(l)
i,j

Louis Wehenkel & Pierre GeurtsNeural networks (32/57)



Multilayer perceptron Learning algorithms

Multi-class classification

I One-hot encoding: k classes are encoded through k numerical
outputs, with yi (o) = 1 if o belongs to the ith class, 0 otherwise

I Loss function could be average square error over all outputs
I A better solution:

I Transform neural nets outputs using softmax:

pi (o) =
exp(a

(L)
i (o))

∑
k exp(a

(L)
k (o))

(such that pi (o) ∈ [0; 1] and
∑

i pi (o) = 1).
I Use cross-entropy as a loss function:

L(g(a(o);W), y(o)) = −
k∑

i=1

yi (o) log pi (o)
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Multilayer perceptron Learning algorithms

Activation functions

As for STU, common activation functions are sigmoid and hyperbolic tangent.

A recent alternative is ReLU (rectifier linear unit):

f (x) = max(0, x).

(or its smooth approximation, softplus: f (x) = ln(1 + ex))

Several advantages:

I Sparse activation (some
neurons are inactive)

I Efficient gradient
propagation (avoid vanishing
or exploding gradient)

I Efficient computation
(comparison, addition, and
multiplication only)
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Multilayer perceptron Overfitting and regularization

Overfitting

Too complex networks will clearly overfit.
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One could select optimal network size using cross-validation but better
results are often obtained by carefully training complex networks instead.
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Multilayer perceptron Overfitting and regularization

Avoiding overfitting with neural networks

Early stopping:

I Stop gradient descent iterations before convergence, by controlling the error
on an independent validation set

I If initial weights are small, the more iterations, the more non-linear becomes
the model.

Source: http://www.turingfinance.com/misconceptions-about-neural-networks/
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Multilayer perceptron Overfitting and regularization

Avoiding overfitting with neural networks

Weight decay:

I Add an extra-term to the loss function that penalizes too large weights:

W∗ = arg min
W

1

N

∑

o∈LS
L(g(a(o);W), y(o)) + λ

1

2

L−1∑

l=1

sl+1∑

i=1

sl∑

j=1

(w
(l)
i,j )2,

I λ controls complexity (since larger weights mean more non-linearity) and
can be tuned on a validation set

I Modified weight update: w
(l)
i,j ← w

(l)
i,j − η(∆w

(l)
i,j + λw

(l)
i,j )

I Alternative: L1 penalization: (w
(l)
i,j )2 ⇒ |w (l)

i,j |.
Makes some weights exactly equal to zero (a form of edge pruning).
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Multilayer perceptron Overfitting and regularization

Avoiding overfitting with neural networks

Weight decay:
10.5 Some Issues in Training Neural Networks 11

Neural Network - 10 Units, No Weight Decay

. . . . . . .. . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. . . . . . . . . . . . . .. . . . . . . . . . . . .. . . . . . . .. . .. . .. . .. . .. . .. . . .. . . .. . . .. . . .. . . .. . . .. . . .. . . . .. . . . .. . . . .. . . . .. . . . .. . . . .. . . .. . .

o
o

ooo

o

o

o

o

o

o

o

o

o
o

o

o o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o
o o

oo

o
o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o
oo

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o ooo
o

o

o
oo o

o

o

o

o

o

o

o

oo
o

o
oo

oo
o

o

o

oo
o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o
o

o
oo

o

o

o

o

o

o

oo
o

o
o oo

o

o

o

o

o

o

o

o

o

o

Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 10.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

10.5 Some Issues in Training Neural Networks 11

Neural Network - 10 Units, No Weight Decay
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 10.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

Source: Figure 10.4, Hastie et al., 2009
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Avoiding overfitting with neural networks

Dropout: (Srivastava et al., JMLR, 2011)

I Randomly drop neurons from each layer with probability Φ and train only
the remaining ones

I Make the learned weights of a node more insensitive to the weights of the
other nodes.

I This forces the network to learn several independent representations of the
patterns and thus decreases overfitting.

Dropout

zero for the net that does not use dropout. The mean activations are also smaller for the
dropout net. The overall mean activation of hidden units is close to 2.0 for the autoencoder
without dropout but drops to around 0.7 when dropout is used.

7.3 E↵ect of Dropout Rate

Dropout has a tunable hyperparameter p (the probability of retaining a unit in the network).
In this section, we explore the e↵ect of varying this hyperparameter. The comparison is
done in two situations.

1. The number of hidden units is held constant.

2. The number of hidden units is changed so that the expected number of hidden units
that will be retained after dropout is held constant.

In the first case, we train the same network architecture with di↵erent amounts of
dropout. We use a 784-2048-2048-2048-10 architecture. No input dropout was used. Fig-
ure 9a shows the test error obtained as a function of p. If the architecture is held constant,
having a small p means very few units will turn on during training. It can be seen that this
has led to underfitting since the training error is also high. We see that as p increases, the
error goes down. It becomes flat when 0.4  p  0.8 and then increases as p becomes close
to 1.

(a) Keeping n fixed. (b) Keeping pn fixed.

Figure 9: E↵ect of changing dropout rates on MNIST.

Another interesting setting is the second case in which the quantity pn is held constant
where n is the number of hidden units in any particular layer. This means that networks
that have small p will have a large number of hidden units. Therefore, after applying
dropout, the expected number of units that are present will be the same across di↵erent
architectures. However, the test networks will be of di↵erent sizes. In our experiments,
we set pn = 256 for the first two hidden layers and pn = 512 for the last hidden layer.
Figure 9b shows the test error obtained as a function of p. We notice that the magnitude
of errors for small values of p has reduced by a lot compared to Figure 9a (for p = 0.1 it fell
from 2.7% to 1.7%). Values of p that are close to 0.6 seem to perform best for this choice
of pn but our usual default value of 0.5 is close to optimal.

1945

Srivastava, Hinton, Krizhevsky, Sutskever and Salakhutdinov

(a) Standard Neural Net (b) After applying dropout.

Figure 1: Dropout Neural Net Model. Left: A standard neural net with 2 hidden layers. Right:
An example of a thinned net produced by applying dropout to the network on the left.
Crossed units have been dropped.

its posterior probability given the training data. This can sometimes be approximated quite
well for simple or small models (Xiong et al., 2011; Salakhutdinov and Mnih, 2008), but we
would like to approach the performance of the Bayesian gold standard using considerably
less computation. We propose to do this by approximating an equally weighted geometric
mean of the predictions of an exponential number of learned models that share parameters.

Model combination nearly always improves the performance of machine learning meth-
ods. With large neural networks, however, the obvious idea of averaging the outputs of
many separately trained nets is prohibitively expensive. Combining several models is most
helpful when the individual models are di↵erent from each other and in order to make
neural net models di↵erent, they should either have di↵erent architectures or be trained
on di↵erent data. Training many di↵erent architectures is hard because finding optimal
hyperparameters for each architecture is a daunting task and training each large network
requires a lot of computation. Moreover, large networks normally require large amounts of
training data and there may not be enough data available to train di↵erent networks on
di↵erent subsets of the data. Even if one was able to train many di↵erent large networks,
using them all at test time is infeasible in applications where it is important to respond
quickly.

Dropout is a technique that addresses both these issues. It prevents overfitting and
provides a way of approximately combining exponentially many di↵erent neural network
architectures e�ciently. The term “dropout” refers to dropping out units (hidden and
visible) in a neural network. By dropping a unit out, we mean temporarily removing it from
the network, along with all its incoming and outgoing connections, as shown in Figure 1.
The choice of which units to drop is random. In the simplest case, each unit is retained with
a fixed probability p independent of other units, where p can be chosen using a validation
set or can simply be set at 0.5, which seems to be close to optimal for a wide range of
networks and tasks. For the input units, however, the optimal probability of retention is
usually closer to 1 than to 0.5.

1930
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Avoiding overfitting with neural networks

Unsupervised pretraining:
I Main idea:

I Train each hidden layer in turn in an unsupervised way, so that it allows
to reproduce the input of the previous layer.

I Introduce the output layer and then fine-tune the whole system using
backpropagation

I Allowed in 2006 to train deeper neural networks than before and to
obtain excellent performance on several tasks (computer vision,
speech recognition).

I Unsupervised pretraining is especially useful when the number of
labeled examples is small.
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Introduction

Single neuron models
Hard threshold unit (LTU) and the perceptron
Soft threshold unit (STU) and gradient descent
Theoretical properties

Multilayer perceptron
Definition and expressiveness
Learning algorithms
Overfitting and regularization
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Convolutional neural networks
Recurrent neural networks

Conclusion
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Other neural network models

Beyond MLP, many other neural network structures have been proposed in
the literature, among which:

I Radial basis function networks

I Convolutional networks

I Recurrent neural networks

I Restricted Boltzman Machines (RBM)

I Kohonen maps (see lecture on unsupervised learning)

I Auto-encoders (see lecture on unsupervised learning)
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Radial basis functions networks

A neural network with a single hidden layer with radial basis functions
(RBF) as activation functions

a1(o)

a2(o)

a3(o)

w
(1)
1,1

w
(1)
4,3

Id

Id

Id

⌃|Id
g(o)

w
(2)
4

w
(2)
1

Output is of the following form:

g(o) = w
(2)
0 +

s2∑

k=1

w
(2)
k exp

(
−||a

(1)(o)−w (1)
i ||2

2σ2

)

Louis Wehenkel & Pierre GeurtsNeural networks (43/57)



Other neural network models Radial basis function networks

Radial basis function networks

I Training:

I Input layer: vectors w (1)
i are trained by unsupervised clustering

techniques (see later) and σ commonly set to d/
√

(2s2), with d the
maximal euclidean distance between two weight vectors.

I Output layer: can be trained by any linear method (least-square,
perceptron...).

I Size s2 of hidden layer is determined by cross-validation.

I Much faster to train than MLP

I Similar to the k-NN method

Louis Wehenkel & Pierre GeurtsNeural networks (44/57)



Other neural network models Convolutional neural networks

Convolutional neural networks (ConvNets)

I A (feedforward) neural network structure initially designed for images
I But can be extended to any input data composed of values that can be

arranged in a 1D, 2D, 3D or more structure. E.g., sequences, texts, videos,
etc.

I Built using three kinds of hidden layers: convolutional, pooling, and
fully-connected

I Neurons in each layer can be arranged into a 3D structure.

Architecture Overview

Recall: Regular Neural Nets. As we saw in the previous chapter, Neural Networks receive an
input (a single vector), and transform it through a series of hidden layers. Each hidden layer
is made up of a set of neurons, where each neuron is fully connected to all neurons in the
previous layer, and where neurons in a single layer function completely independently and
do not share any connections. The last fully-connected layer is called the “output layer” and
in classiQcation settings it represents the class scores.

Regular Neural Nets don’t scale well to full images. In CIFAR-10, images are only of size
32x32x3 (32 wide, 32 high, 3 color channels), so a single fully-connected neuron in a Qrst
hidden layer of a regular Neural Network would have 32*32*3 = 3072 weights. This amount
still seems manageable, but clearly this fully-connected structure does not scale to larger
images. For example, an image of more respectible size, e.g. 200x200x3, would lead to
neurons that have 200*200*3 = 120,000 weights. Moreover, we would almost certainly want
to have several such neurons, so the parameters would add up quickly! Clearly, this full
connectivity is wasteful and the huge number of parameters would quickly lead to
overQtting.

3D volumes of neurons. Convolutional Neural Networks take advantage of the fact that the
input consists of images and they constrain the architecture in a more sensible way. In
particular, unlike a regular Neural Network, the layers of a ConvNet have neurons arranged
in 3 dimensions: width, height, depthwidth, height, depth. (Note that the word depth here refers to the third
dimension of an activation volume, not to the depth of a full Neural Network, which can
refer to the total number of layers in a network.) For example, the input images in CIFAR-10
are an input volume of activations, and the volume has dimensions 32x32x3 (width, height,
depth respectively). As we will soon see, the neurons in a layer will only be connected to a
small region of the layer before it, instead of all of the neurons in a fully-connected manner.
Moreover, the Qnal output layer would for CIFAR-10 have dimensions 1x1x10, because by
the end of the ConvNet architecture we will reduce the full image into a single vector of
class scores, arranged along the depth dimension. Here is a visualization:

 
Left: A regular 3-layer Neural Network. Right: A ConvNet arranges its neurons in three dimensions
(width, height, depth), as visualized in one of the layers. Every layer of a ConvNet transforms the 3D
input volume to a 3D output volume of neuron activations. In this example, the red input layer holds

Input	image Convolutional
layer

Pooling	layer
Output	layer

Source: http://cs231n.github.io/convolutional-networks/
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Convolutional layer

I Each neuron is connected only to a local region (along width and
height, not depth) in the previous layer (the receptive field of the
neuron)

I The receptive field of neurons at the same depth are slided by some
fixed stride along width and height.

I All neurons at the same depth share the same set of weights (and
thus detect the same feature at different locations)

weights (and +1 bias parameter). Notice that the extent of the connectivity along the depth
axis must be 3, since this is the depth of the input volume.

Example 2. Suppose an input volume had size [16x16x20]. Then using an example receptive
Qeld size of 3x3, every neuron in the Conv Layer would now have a total of 3*3*20 = 180
connections to the input volume. Notice that, again, the connectivity is local in space (e.g.
3x3), but full along the input depth (20).

 
Left:Left: An example input volume in red (e.g. a 32x32x3 CIFAR-10 image), and an example volume of
neurons in the Prst Convolutional layer. Each neuron in the convolutional layer is connected only to a
local region in the input volume spatially, but to the full depth (i.e. all color channels). Note, there are
multiple neurons (5 in this example) along the depth, all looking at the same region in the input - see
discussion of depth columns in text below. Right:Right: The neurons from the Neural Network chapter
remain unchanged: They still compute a dot product of their weights with the input followed by a non-
linearity, but their connectivity is now restricted to be local spatially.

Spatial arrangementSpatial arrangement. We have explained the connectivity of each neuron in the Conv
Layer to the input volume, but we haven’t yet discussed how many neurons there are in the
output volume or how they are arranged. Three hyperparameters control the size of the
output volume: the depth, stridedepth, stride and zero-paddingzero-padding. We discuss these next:

1. First, the depthdepth of the output volume is a hyperparameter: it corresponds to the
number of Qlters we would like to use, each learning to look for something different in
the input. For example, if the Qrst Convolutional Layer takes as input the raw image,
then different neurons along the depth dimension may activate in presence of various
oriented edged, or blobs of color. We will refer to a set of neurons that are all looking
at the same region of the input as a depth columndepth column (some people also prefer the
term Qbre).

2. Second, we must specify the stridestride with which we slide the Qlter. When the stride is 1
then we move the Qlters one pixel at a time. When the stride is 2 (or uncommonly 3 or
more, though this is rare in practice) then the Qlters jump 2 pixels at a time as we
slide them around. This will produce smaller output volumes spatially.

Source: http://cs231n.github.io/convolutional-networks/
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Pooling (or subsampling) layer

I Each neuron is connected only to a local region (along width and
height) at the same depth as its own depth in the previous layer.

I The receptive field of neurons at the same depth are slided by some
fixed stride along width and height (stride> 1 means subsampling).

I Output of the neuron is an aggregation of the values in the local
region. E.g., the maximum or the average in that region.

 
Pooling layer downsamples the volume spatially, independently in each depth slice of the input
volume. Left:Left: In this example, the input volume of size [224x224x64] is pooled with Plter size 2, stride
2 into output volume of size [112x112x64]. Notice that the volume depth is preserved. Right:Right: The
most common downsampling operation is max, giving rise to max poolingmax pooling, here shown with a stride
of 2. That is, each max is taken over 4 numbers (little 2x2 square).

BackpropagationBackpropagation. Recall from the backpropagation chapter that the backward pass for a
max(x, y) operation has a simple interpretation as only routing the gradient to the input that
had the highest value in the forward pass. Hence, during the forward pass of a pooling layer
it is common to keep track of the index of the max activation (sometimes also called the
switches) so that gradient routing is efQcient during backpropagation.

Getting rid of poolingGetting rid of pooling. Many people dislike the pooling operation and think that we can
get away without it. For example, Striving for Simplicity: The All Convolutional Net proposes
to discard the pooling layer in favor of architecture that only consists of repeated CONV
layers. To reduce the size of the representation they suggest using larger stride in CONV
layer once in a while. Discarding pooling layers has also been found to be important in
training good generative models, such as variational autoencoders (VAEs) or generative
adversarial networks (GANs). It seems likely that future architectures will feature very few
to no pooling layers.

Normalization Layer

Many types of normalization layers have been proposed for use in ConvNet architectures,
sometimes with the intentions of implementing inhibition schemes observed in the
biological brain. However, these layers have since fallen out of favor because in practice
their contribution has been shown to be minimal, if any. For various types of normalizations,
see the discussion in Alex Krizhevsky’s cuda-convnet library API.

Fully-connected layer

Source: http://cs231n.github.io/convolutional-networks/
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Fully connected layer

I Width and height are equal to 1

I Each neuron is connected to all neurons of the previous layer

I At least, the output layer is a fully connected layer, with one neuron
per output

Architecture Overview

Recall: Regular Neural Nets. As we saw in the previous chapter, Neural Networks receive an
input (a single vector), and transform it through a series of hidden layers. Each hidden layer
is made up of a set of neurons, where each neuron is fully connected to all neurons in the
previous layer, and where neurons in a single layer function completely independently and
do not share any connections. The last fully-connected layer is called the “output layer” and
in classiQcation settings it represents the class scores.

Regular Neural Nets don’t scale well to full images. In CIFAR-10, images are only of size
32x32x3 (32 wide, 32 high, 3 color channels), so a single fully-connected neuron in a Qrst
hidden layer of a regular Neural Network would have 32*32*3 = 3072 weights. This amount
still seems manageable, but clearly this fully-connected structure does not scale to larger
images. For example, an image of more respectible size, e.g. 200x200x3, would lead to
neurons that have 200*200*3 = 120,000 weights. Moreover, we would almost certainly want
to have several such neurons, so the parameters would add up quickly! Clearly, this full
connectivity is wasteful and the huge number of parameters would quickly lead to
overQtting.

3D volumes of neurons. Convolutional Neural Networks take advantage of the fact that the
input consists of images and they constrain the architecture in a more sensible way. In
particular, unlike a regular Neural Network, the layers of a ConvNet have neurons arranged
in 3 dimensions: width, height, depthwidth, height, depth. (Note that the word depth here refers to the third
dimension of an activation volume, not to the depth of a full Neural Network, which can
refer to the total number of layers in a network.) For example, the input images in CIFAR-10
are an input volume of activations, and the volume has dimensions 32x32x3 (width, height,
depth respectively). As we will soon see, the neurons in a layer will only be connected to a
small region of the layer before it, instead of all of the neurons in a fully-connected manner.
Moreover, the Qnal output layer would for CIFAR-10 have dimensions 1x1x10, because by
the end of the ConvNet architecture we will reduce the full image into a single vector of
class scores, arranged along the depth dimension. Here is a visualization:

 
Left: A regular 3-layer Neural Network. Right: A ConvNet arranges its neurons in three dimensions
(width, height, depth), as visualized in one of the layers. Every layer of a ConvNet transforms the 3D
input volume to a 3D output volume of neuron activations. In this example, the red input layer holds

Input	image Convolutional
layer

Pooling	layer
Output	layer

Source: http://cs231n.github.io/convolutional-networks/
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Why convolutional networks?

I It’s possible to compute the same ouputs in a fully connected MLP,
but:
I The network would be much harder to train.
I Convolutional networks have much less parameters due to weight

sharing.
I They are less prone to overfitting.

I It makes sense to detect features (by convolution) and to combine
them (by pooling). Max pooling allows to detect shift-invariant
features.

I It’s possible to draw analogy with the way our brain works.
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LeNet-5 (Lecun et al., 1998)

LeNet-5 (Yann LeCun et al, 1998)

5× 5 convolutional layers at stride 1, 2× 2 max pooling layers at stride 2.

First successful application of convolutional networks. Used by banks in the US to
read cheques.
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ImageNet - A large scale visual recognition challenge

http://image-net.org

I 1.2 million images, 1000 image categories in the training set

I Task: identify the object in the image (ie., a multi-class classification
problem with 1000 classes)

I Evaluation: top-5 error (“is one of the best 5 class predictions correct?”)

I Human error: 5.1% (http://cs.stanford.edu/people/karpathy/ilsvrc/)
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Best performer in 2012: AlexNet (Krizhevsky et al., 2012)AlexNet (Krizhevsky et al. 2012)
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Best performer in 2014: GoogLeNet (Szegedy et al., 2014)

I 6.7% top-5 error. Very close to human performance.

I Very deep: 100 layers (22 with tuned parameters), more than 4M
parameters

I Several neat tricks (heterogeneous set of convolutions, inception
modules, softmax outputs in the middle of the network, etc.)
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Recurrent neural networks

that each contribute plausibility to a conclusion84,85. 
Instead of translating the meaning of a French sentence into an 

English sentence, one can learn to ‘translate’ the meaning of an image 
into an English sentence (Fig. 3). The encoder here is a deep Con-
vNet that converts the pixels into an activity vector in its last hidden 
layer. The decoder is an RNN similar to the ones used for machine 
translation and neural language modelling. There has been a surge of 
interest in such systems recently (see examples mentioned in ref. 86). 

RNNs, once unfolded in time (Fig. 5), can be seen as very deep 
feedforward networks in which all the layers share the same weights. 
Although their main purpose is to learn long-term dependencies, 
theoretical and empirical evidence shows that it is difficult to learn 
to store information for very long78.  

To correct for that, one idea is to augment the network with an 
explicit memory. The first proposal of this kind is the long short-term 
memory (LSTM) networks that use special hidden units, the natural 
behaviour of which is to remember inputs for a long time79. A special 
unit called the memory cell acts like an accumulator or a gated leaky 
neuron: it has a connection to itself at the next time step that has a 
weight of one, so it copies its own real-valued state and accumulates 
the external signal, but this self-connection is multiplicatively gated 
by another unit that learns to decide when to clear the content of the 
memory. 

LSTM networks have subsequently proved to be more effective 
than conventional RNNs, especially when they have several layers for 
each time step87, enabling an entire speech recognition system that 
goes all the way from acoustics to the sequence of characters in the 
transcription. LSTM networks or related forms of gated units are also 
currently used for the encoder and decoder networks that perform 
so well at machine translation17,72,76. 

Over the past year, several authors have made different proposals to 
augment RNNs with a memory module. Proposals include the Neural 
Turing Machine in which the network is augmented by a ‘tape-like’ 
memory that the RNN can choose to read from or write to88, and 
memory networks, in which a regular network is augmented by a 
kind of associative memory89. Memory networks have yielded excel-
lent performance on standard question-answering benchmarks. The 
memory is used to remember the story about which the network is 
later asked to answer questions. 

Beyond simple memorization, neural Turing machines and mem-
ory networks are being used for tasks that would normally require 
reasoning and symbol manipulation. Neural Turing machines can 
be taught ‘algorithms’. Among other things, they can learn to output 

a sorted list of symbols when their input consists of an unsorted 
sequence in which each symbol is accompanied by a real value that 
indicates its priority in the list88. Memory networks can be trained 
to keep track of the state of the world in a setting similar to a text 
adventure game and after reading a story, they can answer questions 
that require complex inference90. In one test example, the network is 
shown a 15-sentence version of the The Lord of the Rings and correctly 
answers questions such as “where is Frodo now?”89.  

The future of deep learning 
Unsupervised learning91–98 had a catalytic effect in reviving interest in 
deep learning, but has since been overshadowed by the successes of 
purely supervised learning. Although we have not focused on it in this 
Review, we expect unsupervised learning to become far more important 
in the longer term. Human and animal learning is largely unsupervised: 
we discover the structure of the world by observing it, not by being told 
the name of every object. 

Human vision is an active process that sequentially samples the optic 
array in an intelligent, task-specific way using a small, high-resolution 
fovea with a large, low-resolution surround. We expect much of the 
future progress in vision to come from systems that are trained end-to-
end and combine ConvNets with RNNs that use reinforcement learning 
to decide where to look. Systems combining deep learning and rein-
forcement learning are in their infancy, but they already outperform 
passive vision systems99 at classification tasks and produce impressive 
results in learning to play many different video games100. 

Natural language understanding is another area in which deep learn-
ing is poised to make a large impact over the next few years. We expect 
systems that use RNNs to understand sentences or whole documents 
will become much better when they learn strategies for selectively 
attending to one part at a time76,86. 

Ultimately, major progress in artificial intelligence will come about 
through systems that combine representation learning with complex 
reasoning. Although deep learning and simple reasoning have been 
used for speech and handwriting recognition for a long time, new 
paradigms are needed to replace rule-based manipulation of symbolic 
expressions by operations on large vectors101. ■
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Figure 5 | A recurrent neural network and the unfolding in time of the 
computation involved in its forward computation. The artificial neurons 
(for example, hidden units grouped under node s with values st at time t) get 
inputs from other neurons at previous time steps (this is represented with the 
black square, representing a delay of one time step, on the left). In this way, a 
recurrent neural network can map an input sequence with elements xt into an 
output sequence with elements ot, with each ot depending on all the previous 
xtʹ (for tʹ ≤ t). The same parameters (matrices U,V,W ) are used at each time 
step. Many other architectures are possible, including a variant in which the 
network can generate a sequence of outputs (for example, words), each of 
which is used as inputs for the next time step. The backpropagation algorithm 
(Fig. 1) can be directly applied to the computational graph of the unfolded 
network on the right, to compute the derivative of a total error (for example, 
the log-probability of generating the right sequence of outputs) with respect to 
all the states st and all the parameters.
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I Neural networks with feedback connections

I When unfolded, can be trained using back-propagation

I Allows to model non-linear dynamical phenomenon

I Best approach for language modeling (e.g., word prediction)
E.g., http://twitter.com/DeepDrumpf
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Conclusions

I Neural networks are universal (parametric) approximators

I Deep (convolutional) neural networks provide state-of-the-art
performance in several application domains (speech recognition,
computer vision, texts...)

I Training deep networks is very expensive and requires a lot of data...

I ...but the use of (dedicated) GPUs reduce strongly computing times

I Often presented as automatic feature extraction techniques...

I ...but a lot of engineering (or art) is required to tune their
hyper-parameters (structure, regularization, activation and loss
functions, weight initialization, etc.).

I ...but researchers try to find automatic ways to tune them
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I Essentially black-box models although some model inspection is
possible

http://yosinski.com/deepvis

Louis Wehenkel & Pierre GeurtsNeural networks (56/57)

http://yosinski.com/deepvis


Conclusion

References and softwares

References:

I Hastie et al.: Chapter 11 (11.3-11.7)

I Goodfellow, Bengio, and Courville, Deep Learning, MIT Press, 2016
http://www.deeplearningbook.org

I Many tutorials on the web and also videos on Youtube: Andrew Ng, Hugo
Larochelle...

Main toolboxes:

I Tensorflow (Google), Python, https://www.tensorflow.org

I Theano (U. Montreal), Python,
http://deeplearning.net/software/theano/index.html

I Caffe (U. Berkeley), Python), http://caffe.berkeleyvision.org/

I Torch (Facebook, Twitter), Lua, http://torch.ch
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