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5KRWO>QYFR>=!I>:QKFKD

! 5KRWO>QYFR>=!I>:QKFKD!SQF>R!SL!AK=!:K\!Q>DWI:QFT>R!FK!SE>!

=:S:!ZFSELWS!DWF=:K<>!:;LWS!FKOWSR!:K=!LWSOWSR

! "Q>!SE>Q>!FKS>Q>RTKD!DQLWOR!L?!Y:QF:;I>R!LQ!R:JOI>R^!

LWSIF>QR^!7E:S!:Q>!SE>!=>O>K=>K<F>R!;>SZ>>K!Y:QF:;I>R^

1A 2A 3A 4A 5A 6A 7A 8A 9A 10A 11A 12A 13A 14A 15A 16A 17A 18A 19A

-0.27 -0.15 -0.14 0.91 -0.17 0.26 -0.48 -0.1 -0.53 -0.65 0.23 0.22 0.98 0.57 0.02 -0.55 -0.32 0.28 -0.33

-2.3 -1.2 -4.5 -0.01 -0.83 0.66 0.55 0.27 -0.65 0.39 -1.3 -0.2 -3.5 0.4 0.21 -0.87 0.64 0.6 -0.29

0.41 0.77 -0.44 0 0.03 -0.82 0.17 0.54 -0.04 0.6 0.41 0.66 -0.27 -0.86 -0.92 0 0.48 0.74 0.49

0.28 -0.71 -0.82 0.27 -0.21 -0.9 0.61 -0.57 0.44 0.21 0.97 -0.27 0.74 0.2 -0.16 0.7 0.79 0.59 -0.33

-0.28 0.48 0.79 -0.14 0.8 0.28 0.75 0.26 0.3 -0.78 -0.72 0.94 -0.78 0.48 0.26 0.83 -0.88 -0.59 0.71

0.01 0.36 0.03 0.03 0.59 -0.5 0.4 -0.88 -0.53 0.95 0.15 0.31 0.06 0.37 0.66 -0.34 0.79 -0.12 0.49

-0.53 -0.8 -0.64 -0.93 -0.51 0.28 0.25 0.01 -0.94 0.96 0.25 -0.12 0.27 -0.72 -0.77 -0.31 0.44 0.58 -0.86

0.04 0.94 -0.92 -0.38 -0.07 0.98 0.1 0.19 -0.57 -0.69 -0.23 0.05 0.13 -0.28 0.98 -0.08 -0.3 -0.84 0.47

-0.88 -0.73 -0.4 0.58 0.24 0.08 -0.2 0.42 -0.61 -0.13 -0.47 -0.36 -0.37 0.95 -0.31 0.25 0.55 0.52 -0.66

-0.56 0.97 -0.93 0.91 0.36 -0.14 -0.9 0.65 0.41 -0.12 0.35 0.21 0.22 0.73 0.68 -0.65 -0.4 0.91 -0.64
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5KRWO>QYFR>=!I>:QKFKD!J>SEL=R

! .:K\!?:JFIF>R!L?!OQL;I>JR!>[FRS_!:JLKD!ZEF<Ea

* $IWRS>QFKDa!SQ\!SL!AK=!K:SWQ:I!DQLWOR!L?!R:JOI>ReY:QF:;I>R

! >Da!HfJ>:KR_!EF>Q:Q<EF<:I!<IWRS>QFKD

* %FJ>KRFLK:IFS\!Q>=W<TLKa!OQLG><S!SE>!=:S:!?QLJ!:!EFDEf

=FJ>KRFLK:I!RO:<>!=LZK!SL!:!RJ:II!KWJ;>Q!L?!=FJ>KRFLKR

! >Da!OQFK<FO:IeFK=>O>K=>KS!<LJOLK>KS!:K:I\RFR_!.%3

* %>KRFS\!>RTJ:TLKa!=>S>QJFK>!SE>!=FRSQF;WTLK!L?!=:S:!ZFSEFK!

SE>!FKOWS!RO:<>

! >Da!;:\>RF:K!K>SZLQHR_!JF[SWQ>!JL=>IRb
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$IWRS>QFKD

! (L:Ia!DQLWOFKD!:!<LII><TLK!L?!L;G><SR!FKSL!RW;R>SR!LQ!

c<IWRS>QRd_!RW<E!SE:S!SELR>!ZFSEFK!>:<E!<IWRS>Q!:Q>!JLQ>!

<ILR>I\!Q>I:S>=!SL!LK>!:KLSE>Q!SE:K!L;G><SR!:RRFDK>=!SL!

=F@>Q>KS!<IWRS>QR
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$IWRS>QFKD

! Clustering rows 

grouping similar objects

! Clustering columns

grouping similar variables 
across samples

! Bi-Clustering/Two-way 
clustering

grouping objects that are 
similar across a subset of 
variables

variables

o
b
je

c
ts

Cluster of 
objectsBi-cluster

Cluster of 
variables



6

"OOIF<:TLKR!L?!<IWRS>QFKD

! .:QH>TKDa!AK=FKD!DQLWOR!L?!<WRSLJ>QR!ZFSE!RFJFI:Q!;>E:YFLQ!

DFY>K!:!I:QD>!=:S:;:R>!L?!<WRSLJ>Q!=:S:!<LKS:FKFKD!SE>FQ!

OQLO>QT>R!:K=!O:RS!;W\FKD!Q><LQ=R`

! #FLILD\a!<I:RRFA<:TLK!L?!OI:KSR!:K=!:KFJ:IR!DFY>K!SE>FQ!?>:SWQ>R`

! *KRWQ:K<>a!F=>KT?\FKD!DQLWOR!L?!JLSLQ!FKRWQ:K<>!OLIF<\!ELI=>QR!

ZFSE!:!EFDE!:Y>Q:D>!<I:FJ!<LRS`!F=>KT?\FKD!?Q:W=R`

! $FS\fOI:KKFKDa!F=>KT?\FKD!DQLWOR!L?!ELWR>R!:<<LQ=FKD!SL!SE>FQ!

ELWR>!S\O>_!Y:IW>!:K=!D>LDQ:OEF<:I!IL<:TLK`

! &:QSEPW:H>!RSW=F>Ra!<IWRS>QFKD!L;R>QY>=!>:QSEPW:H>!>OF<>KS>QR!

SL!F=>KT?\!=:KD>QLWR!]LK>R`

! 777a!=L<WJ>KS!<I:RRFA<:TLK`!<IWRS>QFKD!Z>;ILD!=:S:!SL!

=FR<LY>Q!DQLWOR!L?!RFJFI:Q!:<<>RR!O:U>QKRb
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$IWRS>QFKD

! 4ZL!>RR>KT:I!<LJOLK>KSR!L?!<IWRS>Q!:K:I\RFRa

* #,23&/')!.)&261)7!"!KLTLK!L?!=FRS:K<>!LQ!RFJFI:QFS\!L?!SZL!

L;G><SRa!7E>K!:Q>!SZL!L;G><SR!<ILR>!SL!>:<E!LSE>Q^

* "-623)1!&-*01,3+.7!"!OQL<>=WQ>!SL!JFKFJF]>!=FRS:K<>R!L?!

L;G><SR!ZFSEFK!DQLWOR!:K=eLQ!J:[FJF]>!=FRS:K<>R!;>SZ>>K!

DQLWOR
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&[:JOI>R!L?!=FRS:K<>!J>:RWQ>R

! $6'-,()&/!=FRS:K<>!J>:RWQ>R!:Y>Q:D>!

=F@>Q>K<>!:<QLRR!<LLQ=FK:S>R

! %&/+&5&/!=FRS:K<>!J>:RWQ>R!

:Y>Q:D>!=F@>Q>K<>!:<QLRR!<LLQ=FK:S>R_!

FK!:!QL;WRS!Z:\

! "011)-&40/!=FRS:K<>!J>:RWQ>R!

=F@>Q>K<>!ZFSE!Q>RO><S!SL!SQ>K=R
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4FJ>!R>QF>R!>[:JOI>

! .>:RWQ>J>KS!L?!D>K>!>[OQ>RRFLK!LK!

o!g<LKR><WTY>h!=:\R

! &Y>Q\!D>K>!FR!<L=>=!;\!:!Y><SLQ!L?!

I>KDSE!o

! 3S>O!WOa [lvgm_o_p_qh

! WOa! [mvgmeo_oeo_peo_qeoh

! =LZKa! [nvgqeo_oeo_neo_meoh

! <E:KD>a![ovgmbp_nbp_obp_lh
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&W<IF=>:K!=FRS:K<>

! 4E>!=FRS:K<>!;>SZ>>K!SZL!Y><SLQR!FR!SE>!RPW:Q>!QLLS!L?!SE>!

RWJ!L?!SE>!RPW:Q>=!=F@>Q>K<>!LY>Q!:II!<LLQ=FK:S>R

! 3S>O!WOa [lvgm_o_p_qh

! WOa! [mvgmeo_oeo_peo_qeoh

! =LZKa! [nvgqeo_oeo_neo_meoh

! <E:KD>a![ovgmbp_nbp_obp_lh

d E 'x 1 , x 2("&'2#2 !4 (2%'4#4 !4 (2%'5#5 !4 (2%'6#6 !4 (2"3 &3 !4"2 .598

0 2 .6 2 .75 2 .25
2 .6 0 1 .23 2 .14

2.75 1 .23 0 2 .15
2.25 2 .14 2 .15 0

Matrix of pairwise distances
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.:KE:U:K!=FRS:K<>

! 4E>!=FRS:K<>!;>SZ>>K!SZL!Y><SLQR!FR!SE>!RWJ!L?!SE>!

:;RLIWS>!gWKRPW:Q>=h!=F@>Q>K<>R!LY>Q!:II!<LLQ=FK:S>R

! 3S>O!WOa [lvgm_o_p_qh

! WOa! [mvgmeo_oeo_peo_qeoh

! =LZKa! [nvgqeo_oeo_neo_meoh

! <E:KD>a![ovgmbp_nbp_obp_lh

d M 'x 1 , x 2 ("$2#2 !4$%$4#4 !4$%$5#5 !4$%$6#6 !4$"5 1!4"12 . 7 5

0 12.75 13.25 6 .5
12.75 0 2 .5 8 .25
13.25 2 .5 0 7 .75

6 .5 8 .25 7 .75 0

Matrix of pairwise distances
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$LQQ>I:TLK!=FRS:K<>

! %FRS:K<>!;>SZ>>K!SZL!Y><SLQR!FR!lf),!ZE>Q>!)!FR!SE>!
1>:QRLK!<LQQ>I:TLK!L?!SE>!SZL!Y><SLQR

! 3S>O!WOa [lvgm_o_p_qh

! WOa! [mvgmeo_oeo_peo_qeoh

! =LZKa! [nvgqeo_oeo_neo_meoh

! <E:KD>a![ovgmbp_nbp_obp_lh

d C 'x1 , x2 ("

'2#
1 7

4
('
2

4
#
1 7

1 6
(%'4#

1 7

4
('
4

4
#
1 7

1 6
(%'5#

1 7

4
('
5

4
#
1 7

1 6
(%'6#

1 7

4
('
6

4
#
1 7

1 6
(

&'2#1 7

4
(
2

%'4#
1 7

4
(
2

%'5#
1 7

4
(
2

%'6#
1 7

4
(
2

&'24 #
1 7

1 6
(
2

%'
4

4
#
1 7

1 6
(
2

%'
5

4
#
1 7

1 6
(
2

%'
6

4
#
1 7

1 6
(
2

0 0 2 1 .18
0 0 2 1 .18
2 2 0 0 .82

1.18 1 .18 0 .82 0

Matrix of pairwise distances
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$LJO:QFRLK!L?!SE>!=FRS:K<>R

All distances are normalized to the interval 
[0,10] and then rounded
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$IWRS>QFKD!:IDLQFSEJR

! 1LOWI:Q!:IDLQFSEJR!?LQ!<IWRS>QFKD

* EF>Q:Q<EF<:I!<IWRS>QFKD

* ,fJ>:KR

* 30.R!g3>I?f0QD:KF]FKD!.:ORh

* :WSL<I:RR_!JF[SWQ>!JL=>IRbbb

! )F>Q:Q<EF<:I!<IWRS>QFKD!:IILZR!SE>!<ELF<>!L?!SE>!=FRRFJFI:QFS\!

J:SQF[b

! Hf.>:KR!:K=!30.R!S:H>!LQFDFK:I!=:S:!=FQ><SI\!:R!FKOWSb!

"UQF;WS>R!:Q>!:RRWJ>=!SL!IFY>!FK!&W<IF=>:K!RO:<>b
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)F>Q:Q<EF<:I!<IWRS>QFKD

"DDILJ>Q:TY>!<IWRS>QFKDa

lb!&:<E!L;G><S!FR!:RRFDK>=!SL!FSR!LZK!<IWRS>Q

mb!*S>Q:TY>I\a

* SE>!SZL!JLRS!RFJFI:Q!<IWRS>QR!:Q>!GLFK>=!:K=!Q>OI:<>=!;\!

:!K>Z!LK>

* SE>!=FRS:K<>!J:SQF[!FR!WO=:S>=!ZFSE!SEFR!K>Z!<IWRS>Q!

Q>OI:<FKD!SE>!SZL!GLFK>=!<IWRS>QR

g=FYFRFY>!<IWRS>QFKD!ZLWI=!RS:QS!?QLJ!:!;FD!<IWRS>Qh
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%FRS:K<>!;>SZ>>K!SZL!<IWRS>QR!

! 3FKDI>!IFKH:D>!WR>R!SE>!RJ:II>RS!=FRS:K<>

! $LJOI>S>!IFKH:D>!WR>R!SE>!I:QD>RS!=FRS:K<>

! "Y>Q:D>!IFKH:D>!WR>R!SE>!:Y>Q:D>!=FRS:K<>
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)F>Q:Q<EF<:I!<IWRS>QFKD

(wikipedia)
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%>K=QLDQ:J

! )F>Q:Q<EF<:I!<IWRS>QFKD!:Q>!YFRW:IF]>=!SEQLWDE!=>K=QLDQ:JR

* $IWRS>QR!SE:S!:Q>!GLFK>=!:Q>!<LJ;FK>=!;\!:!IFK>

* )>FDES!L?!IFK>!FR!=FRS:K<>!;>SZ>>K!<IWRS>QR

* $:K!;>!WR>=!SL!=>S>QJFK>!YFRW:II\!SE>!KWJ;>Q!L?!<IWRS>QR
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4FJ>!R>QF>R!>[:JOI>

$6'-,(,&/!(,23&/')

3FJFI:Q!Y:IW>R!:Q>!<IWRS>Q>=!

SLD>SE>Q
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4FJ>!R>QF>R!>[:JOI>

%&/+&5&/!(,23&/')

3FJFI:Q!Y:IW>R!:Q>!<IWRS>Q>=!

SLD>SE>Q!gQL;WRSh



21

4FJ>!R>QF>R!>[:JOI>

"011)-&40/!(,23&/')

$LQQ>I:S>=!Y:IW>R!:Q>!<IWRS>Q>=!

SLD>SE>Q
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*IIWRSQ:TLKR!glh

! #Q>:RS!<:K<>Q!=:S:!g-:KD>QN=!

>S!:Ib_!#Q>:RS!<:K<>Q_!mkkrh

! sk!SWJLQ!R:JOI>R!gZFI=f

S\O>_41pn!JWS:S>=h_!sk!D>K>R
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*IIWRSQ:TLK
Holmes et al., Nature, Vol. 453, No. 15, May 2008

g:Y>Q:D>!IFKH:D>_!>W<IF=>:K!=FRS:K<>h
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*IIWRSQ:TLKR!gmh
"RR?:ID!>S!:Ib_!'&"(_!+:K!mkks

! &YF=>K<>!L?!=F@>Q>KS!J>S:;LIF<!OE>KLS\O>R!FK!EWJ:KR

! 5QFK>!R:JOI>R!L?!mm!YLIWKS>>QR!LY>Q!n!JLKSER_!/.2!

RO><SQ:!:K:I\R>=!;\!)$"
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)F>Q:Q<EF<:I!<IWRS>QFKD

! 3SQ>KDSER

* /L!K>>=!SL!:RRWJ>!:K\!O:QT<WI:Q!KWJ;>Q!L?!<IWRS>QR

* $:K!WR>!:K\!=FRS:K<>!J:SQF[

* 'FK=!RLJ>TJ>R!:!J>:KFKD?WI!S:[LKLJ\

! -FJFS:TLKR

* 'FK=!:!S:[LKLJ\!>Y>K!F?!FS!=L>R!KLS!>[FRS

* 0K<>!:!=><FRFLK!FR!J:=>!SL!<LJ;FK>!SZL!<IWRS>QR!FS!<:KKLS!;>!

WK=LK>

* /LS!Z>II!SE>LQ>T<:II\!JLTY:S>=
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Combinatorial clustering algorithm
l Given a number of clusters K<N and an encoder C that assigns 
the ith observation to cluster C(i)
l Clustering=finding the function C* that minimizes some “loss” 
function that measures the degree to which the clustering goal 
is not met
l Example of loss function: within cluster scatter

l Number of possible assignments is too high for enumeration

with
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k-Means clustering

l Partitioning algorithm with a prefixed number k of clusters
l Use Euclidean distance between objects

l Try to minimize the sum of intra-cluster variances

where                             is the center of cluster k and Nk is 
the number of points in cluster k:
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K-Means clustering
l Equivalent to solve:

l Randomly assign each point to a cluster
l Iterate through:
- Given the current cluster assignment, compute the cluster
means

- Given the current cluster means, assign each observation to 
the closest cluster mean

l Stop when the assignments do not change
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Hf.>:KR!<IWRS>QFKD
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Hf.>:KR!<IWRS>QFKD
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Hf.>:KR!<IWRS>QFKD
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,f.>:KR!<LKY>QD>K<>

! &:<E!RS>O!Q>=W<>R!ZFSEFK!<IWRS>Q!R<:U>Q!vx!<LKY>QD>K<>!FR!

>KRWQ>=!;WS!SLZ:Q=R!:!IL<:I!LOTJWJ!LKI\

! 9LW!<LWI=!L;S:FK!:K\!L?!SE>R>!?QLJ!:!Q:K=LJ!RS:QS!L?!Hf

J>:KR

! 3LIWTLKa!Q>RS:QS!SE>!:IDLQFSEJ!R>Y>Q:I!TJ>R
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"OOIF<:TLKa!Y><SLQ!PW:KT]:TLK

k-Means
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,fJ>=LF=R

&[S>KRFLK!L?!Hf.>:KR!SL!E:K=I>!:K\!=FRS:K<>!J>:RWQ>

.W<E!RILZ>Q!SE:K!,fJ>:KR!
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Hf.>:KR!<IWRS>QFKD

! 3SQ>KDSER

* 3FJOI>_!WK=>QRS:K=:;I>

* $:K!<IWRS>Q!:K\!K>Z!OLFKS!gWKIFH>!EF>Q:Q<EF<:I!<IWRS>QFKDh

* 7>II!JLTY:S>=!SE>LQ>T<:II\

! -FJFS:TLKR

* .WRS!A[!SE>!KWJ;>Q!L?!<IWRS>QR!;>?LQ>E:K=

* 3>KRFTY>!SL!SE>!FKFT:I!<ELF<>!L?!<IWRS>Q!<>KS>QR

* 3>KRFTY>!SL!LWSIF>QR
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3>I?fLQD:KF]FKD!J:OR

! 30.jR!:Q>!RFJFI:Q!SL!HfJ>:KR!;WS!ZFSE!

:==FTLK:I!<LKRSQ:FKSR

! .:OOFKD!?QLJ!=:S:!RO:<>!LKSL!LK>!LQ!

SZLf=FJ>KRFLK:I!:QQ:\!L?!H!SLS:I!KL=>R

! *S>Q:TLKR!RS>ORa

* 1F<H!=:S:!OLFKS!1!:S!Q:K=LJb

* .LY>!:II!KL=>R!FK!=FQ><TLK!L?!1a!SE>!

<ILR>Q!g?WQSE>Qh!:!KL=>!FR!FK!K>SZLQH!

SLOLILD\_!SE>!JLRS!gI>RRhb

* %><Q>:R>!:JLWKS!L?!JLY>J>KS!ZFSE!

FS>Q:TLK!RS>ORb
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%L<WJ>KS!LQD:KF]:TLK

EUOaeeZ>;RLJbEWSbA
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)LZ!J:K\!<IWRS>QR^

! 7E>Q>!SL!RSLO!EF>Q:Q<EF<:I!<IWRS>QFKD^!)LZ!SL!<ELLR>!H!?LQ!

HfJ>:KR!:K=!30.R^

! 6>Q\!=FB<WIS!:K=!LO>K!PW>RTLKb!

! 3FJFI:Q!SL!LY>QAVKD!FK!3-bbb

! 4LL!J:K\!<IWRS>QRa!LY>QAS!SE>!=:S:b!9LW!AK=!KLK!>[FRTKD!

<IWRS>QR!FK!SE>!=:S:!gKLFR>h

! 4LL!?>Z!<IWRS>QRa!WK=>QAS!SE>!=:S:b!7>!JFRR!RLJ>!SQWI\!

>[FRTKD!<IWRS>QRb

! bbb;WS!ZFSELWS!SE>!OLRRF;FIFS\!SL!<QLRRfY:IF=:S>
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How many clusters?

 Loca�ng the “knee” in the intra-cluster variance curve
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)LZ!J:K\!<IWRS>QR^

! 0SE>Q!<QFS>QF:a

* *KS>QK:I!FK=F<>Ra

! 3S:TRT<R!;:R>=!LK!ZFSEFKf!:K=!;>SZ>>Kf<IWRS>QR!=FRS:K<>R

! 3>I><S!k!SE:S!JFKFJF]>ReJ:[FJF]>R!RW<E!FKS>QK:I!FK=>[

* (:O!RS:TRT<a!

! 2>R:JOIFKD!J>SEL=!SE:S!<LJO:Q>R!RLJ>!FKS>QK:I!FK=>[!ZFSE!

ZE:S!ZLWI=!;>!L;S:FK>=!?QLJ!Q:K=LJ!=:S:

! 3>:Q<E!?LQ!SE>!Y:IW>!L?!k!SE:S!J:[FJF]>R!SE>!=F@>Q>K<>!

g4F;REFQ:KF!>S!:Ib_!mkklh

* 3S:;FIFS\a!R>I><S!k!SE:S!I>:=R!SL!SE>!JLQ>!RS:;I>!<IWRS>QR!

g<LJOWS>=!;\!:!;LLSRSQ:O!:K:I\RFRh!g#>Kf)WQ!>S!:Ib_!13#!mkkmh
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'>:SWQ>!R>I><TLK!?LQ!<IWRS>QFKD

! '>:SWQ>!R>I><TLK!<:K!:IRL!FJOQLY>!<IWRS>QFKD!;\!=><Q>:RFKD!KLFR>!

g:K=!<LJOWTKD!TJ>Rh

! &[:JOI>!LK!->WH>JF:!O:T>KSR!g$EF:Q>V!>S!:Ib_!mkkoh

Without gene selection

(from J.Rahnenführer, 2007)
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'>:SWQ>!R>I><TLK!?LQ!<IWRS>QFKD

! '>:SWQ>!R>I><TLK!<:K!:IRL!FJOQLY>!<IWRS>QFKD!;\!=><Q>:RFKD!KLFR>!

g:K=!<LJOWTKD!TJ>Rh

! &[:JOI>!LK!->WH>JF:!O:T>KSR!g$EF:Q>V!>S!:Ib_!mkkoh

With 100 top variance genes

(from J.Rahnenführer, 2007)
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'>:SWQ>!R>I><TLK!?LQ!<IWRS>QFKD

! '>:SWQ>!R>I><TLK!<:K!:IRL!FJOQLY>!<IWRS>QFKD!;\!=><Q>:RFKD!KLFR>!

g:K=!<LJOWTKD!TJ>Rh

! &[:JOI>!LK!->WH>JF:!O:T>KSR!g$EF:Q>V!>S!:Ib_!mkkoh

(from J.Rahnenführer, 2007)
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3>I><TLK!;F:R!FK!<IWRS>QFKD

! $IWRS>QFKD!:C>Q!RWO>QYFR>=!?>:SWQ>!R>I><TLK!RELWI=!;>!:YLF=>=

! 9LW!ZFII!:IZ:\R!Q>SQF>Y>!SE>!<I:RRFA<:TLK!RFK<>!SEFR!FR!SE>!<QFS>QFLK!\LW!

WR>=!SL!R>I><S!SE>!Y:QF:;I>R
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%FJ>KRFLK:IFS\!Q>=W<TLK

! .:FK!DL:Ia!Q>=W<>!SE>!=FJ>KRFLK:IFS\!L?!SE>!=:S:!R>S!SL!:!

RJ:II>Q!RO:<>!gm%_!n%h

! '>:SWQ>!R>I><TLKa!AK=!:!RW;R>S!L?!SE>!LQFDFK:I!Y:QF:;I>R!

g*j
.
v*

/
!?LQ!RLJ>!/h

! '>:SWQ>!>[SQ:<TLKa!SQ:KR?LQJ!SE>!LQFDFK:I!RO:<>!FKSL!:!

RO:<>!L?!?>Z>Q!=FJ>KRFLKR!g*j
.
v-g*

l
<===<*

l
hh

! -FK>:Q!J>SEL=Ra!-g*
l
<===<*

4
hv9

k
u9

l
*
l
ubbbu9

O
*
l

1X 2X 3X 4X 5X 6X 7X 8X 9X 10X

0.86 -0.48 -0.18 0.37 0.98 -0.97 0.84 -0.06 -0.35 0.56

-2.3 -1.2 -4.5 -0.13 0.02 0.09 -0.71 0.88 0.78 0.7

0.26 -0.41 0.02 0.33 0.39 -0.46 0.92 0.15 -0.06 -0.26

0.21 -0.13 -0.33 -0.5 0.82 -0.19 0.08 0.48 0.64 -0.38

0.25 0.11 -0.94 -0.04 0.45 -0.15 -0.85 0.45 0.42 0.29

0.34 0.25 0.83 -0.24 -0.46 0.94 0.12 -0.02 -0.49 0.71

'1X '2X
0.11 -0.21
-2.3 -1.2
0.76 -0.46
-0.03 -0.45
0.23 -0.02
-0.65 -0.91
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0;G><TY>R!L?!=FJ>KRFLK:IFS\!Q>=W<TLK

! 2>=W<>!=FJ>KRFLK:IFS\!gOQ>fOQL<>RRFKD!?LQ!LSE>Q!J>SEL=Rh

! $ELLR>!SE>!JLRS!WR>?WI!gFK?LQJ:TY>h!Y:QF:;I>R

! $LJOQ>RR!SE>!=:S:

! 6FRW:IF]>!JWIT=FJ>KRFLK:I!=:S:

* SL!F=>KT?\!DQLWOR!L?!L;G><SR

* SL!F=>KT?\!LWSIF>QR
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1QFK<FO:I!$LJOLK>KS!"K:I\RFR

! "!IFK>:Q!?>:SWQ>!>[SQ:<TLK!S><EKFPW>

! 4Q:KR?LQJ!RLJ>!I:QD>!KWJ;>Q!L?!Y:QF:;I>R!FKSL!:!RJ:II>Q!

KWJ;>Q!L?!WK<LQQ>I:S>=!Y:QF:;I>R!<:II>=!OQFK<FO:I!

<LJOLK>KSR!g1$Rh

1PC 2PC

0.67 0.48
-2.3 -1.2
-0.03 0.67
-0.75 -0.79
-0.1 -0.04
0.47 0.84

1X 2X 3X 4X 5X 6X 7X 8X 9X 10X

0.86 -0.48 -0.18 0.37 0.98 -0.97 0.84 -0.06 -0.35 0.56

-2.3 -1.2 -4.5 -0.13 0.02 0.09 -0.71 0.88 0.78 0.7

0.26 -0.41 0.02 0.33 0.39 -0.46 0.92 0.15 -0.06 -0.26

0.21 -0.13 -0.33 -0.5 0.82 -0.19 0.08 0.48 0.64 -0.38

0.25 0.11 -0.94 -0.04 0.45 -0.15 -0.85 0.45 0.42 0.29

0.34 0.25 0.83 -0.24 -0.46 0.94 0.12 -0.02 -0.49 0.71
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#:RF<!F=>:

! (L:Ia!J:O!=:S:!OLFKSR!FKSL!:!?>Z!=FJ>KRFLKR!ZEFI>!SQ\FKD!SL!

OQ>R>QY>!SE>!Y:QF:K<>!L?!SE>!=:S:!:R!JW<E!:R!OLRRF;I>

First 
component
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#:RF<!F=>:

! (L:Ia!J:O!=:S:!OLFKSR!FKSL!:!?>Z!=FJ>KRFLKR!ZEFI>!SQ\FKD!SL!

OQ>R>QY>!SE>!Y:QF:K<>!L?!SE>!=:S:!:R!JW<E!:R!OLRRF;I>

First 
component

Second 
component
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1QFK<FO:I!$LJOLK>KS!"K:I\RFR

! 1:QT<WI:QI\!>B<F>KS!ZE>K!SE>Q>!:Q>!:!ILS!L?!<LQQ>I:TLK!

;>SZ>>K!Y:QF:;I>R!g<LQQ>I:TLKvQ>=WK=:K<\h



!"#$%&"'("))*+

•! ,-.+/.0&1)"'.23+

–!!"45&1&+6"05"2(%7+829+#$%+950%('.23+#$"#+

&"45&5:%+#$%+6"05"2(%+./+#$%+;0.<%(#%9+9"#"+

–!!525&1&=%00.0+/.0&1)"'.27+&525&5:%3+#$%+

0%(.23#01('.2+%00.0+./+#$%+;0.<%(#%9+9"#"++



!"#$%&"'("))*+

•! >.2359%0+"+3%#+./+.?3%06"'.23+++++++++++++++++++++++++++

-5#$+++++++"+6%(#.0+./+95&%235.2++++@+

•!A%+-"2#+#.+829+#$%+125#+950%('.2+++++++#$"#+

&"45&5:%3+#$%+6"05"2(%+./+#$%+;0.<%('.27+

{xn}, n = 1, . . . , N

xn D

u1

||u1|| = uT
1 u1 = 1

arg max
u1

1
N

N�

n=1

||uT
1 xn � uT

1 x̄||2 = uT
1 Cu1

C =
1
N

N�

n=1

(xn � x̄)(xn � x̄)T

-5#$+



!"#$%&"'("))*+

•! B2#0.91(52C+)"C0"2C%+&1)';)5%07+

•! D%E2C+#$%+9%056"'6%+-5#$+0%3;%(#+#.+++++++%F1")+#.+
:%0.7+

!!++++++++&13#+?%+"2+%5C%26%(#.0+./++++++@+

•! ,$%+6"05"2(%+53+C56%2+?*7+

!!++++++++53+#$%+%5C%26%(#.0+(.00%3;.2952C+#.+#$%+
$5C$%3#+%5C%26")1%++++

uT
1 Cu1 + �1(1� uT

1 u1)
u1

Cu1 = �1u1

u1 C

uT
1 Cu1 = �1

u1
�1



!"#$%&"'("))*+
•! ,$%+G!HIJ#$+(.&;.2%2#+53+.?#"52%9+?*+&"45&5:52C7+

•! K352C+)"C0"C5"2+&1)';)5%07+

•! L#+#$%+.;'&1&7+

•! !1)';)*52C+?*+++++++"#+#$%+)%MN+.2%+C%#3+++++++++++++++"29+#$13+

!!++++++++++++53+#$%+%5C%26%(#.0+-5#$+!HI+)"0C%3#+%5C%26")1%+++

uT
M+1CuM+1

A5#$+#$%+(.23#0"52#3+
uT

M+1uM+1 = 1

uT
M+1ui = 0 �i = 1, . . . ,M + 1

uT
M+1CuM+1 + ⇥M+1(1� uT

M+1uM+1) +
M�

i=1

�iu
T
M+1ui

0 = 2CuM+1 � 2⇥M+1uM+1 +
M�

i=1

�iui

uT
i �i = 0

uT
M+1

CuM+1 = �M+1uM+1



!"#$%&"'("))*+

•! ,$%+!#$+;052(5;")+(.&;.2%2#+/.0+.?<%(#3++++++53+

(.&;1#%9+?*+

•! ,$%+0%(.23#01(#%9+52;1#+53+#$137+

•! O>L+")3.+&525&5:%3+#$%+0%(.23#01('.2+%00.07+

xj
x�

ji = uT
i xj

x̂j =
M�

i=1

x�
jiui =

M�

i=1

(uT
i xj)ui

arg max
u1,...,uM

1
N

N�

i=1

||xj � x̂j ||2





52

&:<E!<LJOLK>KS!FR!:!IFK>:Q!<LJ;FK:TLK!L?!SE>!

LQFDFK:I!Y:QF:;I>R

1A 2A 3A 4A 5A 6A 7A 8A 9A 10A

-0.39 -0.38 0.29 0.65 0.15 0.73 -0.57 0.91 -0.89 -0.17

-2.3 -1.2 -4.5 -0.15 0.86 -0.85 0.43 -0.19 -0.83 -0.4

0.9 0.4 -0.11 0.62 0.94 0.97 0.1 -0.41 0.01 0.1

-0.82 -0.31 0.14 0.22 -0.49 -0.76 0.27 0 -0.43 -0.81

0.71 0.39 -0.09 0.26 -0.46 -0.05 0.46 0.39 -0.01 0.64

-0.25 0.27 -0.81 -0.42 0.62 0.54 -0.67 -0.15 -0.46 0.69

1PC 2PC

0 .62 -0 .33
-2 .3 -1 .2
0 .88 0 .31
-0 .18 -0 .05
-0 .39 -0 .01
-0 .61 0 .53

PC1=0.2*A1+3.4*A2-4.5*A3

PC2=0.4*A4+5.6*A5+2.3*A7

VAR(PC1)=4.5 + 45%

VAR(PC2)=3.3 + 33%

... ...

Loading of a variable
! Gives an idea of its importance in 
the component
! Can be use for feature selection

For each component, we 
have a measure of the 
percentage of the variance
of the initial data that it 
contains

Scores for each 
sample and PC
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)LZ!J:K\!<LJOLK>KSR^

! 3<Q>>!OILSa!OILSR!>FD>KY:IW>R!gY:QF:K<>h!L?!>:<E!<LJOLK>KS!FK!

=><Q>:RFKD!LQ=>Q

! 2WI>R!L?!SEWJ;a

* Q>JLY>!<LJOLK>KSR!ZFSE!>FD>KY:IW>R!ILZ>Q!SE:K!l

* R>I><S!k!:S!SE>!cHK>>d!L?!SE>!<WQY>! gZE>Q>!SE>!

R<Q>>!g=>;QFRh!RS:QSR!SL!:<<WJWI:S>h

Scree Plot

Component Number

7654321

E
ig

e
n

v
a

lu
e

3.5

3.0

2.5

2.0

1.5

1.0

.5

0.0
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*IIWRSQ:TLK!glenh
g):RT>!>S!:Ib_!mkkth

8!v
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*IIWRSQ:TLK!glenh
g):RT>!>S!:Ib_!mkkth
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*IIWRSQ:TLK!glenh
g):RT>!>S!:Ib_!mkkth
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*IIWRSQ:TLK!gmenh
)LIJ>R!>S!:Ib_!&+785,_!)30=!CDB<!&3=!@D<!%+:!A??E

! *KY>RTD:TLK!L?!J>S:;LIF<!OE>KLS\O>!Y:QF:TLK!:<QLRR!:K=!

ZFSEFK!?LWQ!EWJ:K!OLOWI:TLKR!glr!<FT>R!?QLJ!o!<LWKSQF>Ra!

$EFK:_!+:O:K_!5,_!53"h

!
l
)!/.2!RO><SQ:!L?!WQFK>!RO><FJ>KR!?QLJ!oqnk!O:QT<FO:KSR

! 1$"!OILSR!L?!J>=F:K!RO><SQ:!O>Q!OLOWI:TLK!g<FS\h!:K=!

D>K=>Q
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Holmes et al., Nature, Vol. 453, No. 15, May 2008
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*IIWRSQ:TLK!gnenh

/>WQLFJ:DFKD

1A 2A 3A 4A 5A ... 7A 8A

-0 .9 1 0 .7 4 0 .7 4 0 .9 7 -0 .0 6 ... -0 .0 4 -0 .7 3

-2 .3 -1 .2 -4 .5 0 .4 7 0 .1 3 ... 0 .1 6 0 .2 6

-0 .9 8 -0 .4 6 0 .9 8 0 .7 7 -0 .1 4 ... 0 .4 4 -0 .1 2

0 .9 7 -0 .6 4 -0 .3 -0 .1 4 -0 .2 9 ... -0 .4 3 0 .2 7

-0 .6 4 -0 .3 4 0 .2 1 -0 .5 7 -0 .3 9 ... 0 .0 2 -0 .6 1

0 .4 1 -0 .9 5 0 .2 1 -0 .1 7 -0 .6 8 ... 0 .1 1 0 .4 9

N patients/brain maps

L voxels (brain regions) 
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-FJFS:TLKR!L?!1$"

! 1$"!J:\!;>!WR>=!SL!Q>SQF>Y>!gYFRW:II\h!:!OQFLQF!=>S>QJFK>=!

DQLWOR_!;WSa

* *?!1$"!?:FIR!:S!Q><LY>QFKD!HKLZK!DQLWOR_!\LW!<:K!KLS!

<LK<IW=>!:K\SEFKD

* *K=FQ><S!ZFSE!Q>RO><S!SL!<IWRS>QFKD!J>SEL=R

! 1$"!J:\!;>!WR>=!?LQ!?>:SWQ>!R>I><TLKa

* 'FQRS!<LJOLK>KSR!J:\!KLS!;>!Q>I:S>=!:S!:II!SL!SE>!LWSOWS

* #>U>Q!:==Q>RR>=!;\!gRWO>QYFR>=h!?>:SWQ>!R>I><TLK!J>SEL=R

! *S!RELWI=!;>!LKI\!<LKRF=>Q>=!:R!:K!>[OILQ:SLQ\!SLLIR
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&[S>KRFLKR!L?!1$"

! ,>QK>I!1$"a!KLKfIFK>:Q!?>:SWQ>!>[SQ:<TLK!S><EKFPW>!;:R>=!

LK!:!H>QK>IF]:TLK!L?!1$"

! 3O:QR>!1$"a!AK=!<LJOLK>KSR!ZFSE!RO:QR>!IL:=FKDR!g?>Z!

<LJOLK>KSR!ZFSE!KLKf]>QL!Z>FDESRhb!>Db_!WR>R!-l!

O>K:IF]:TLK!gIFH>!-"330h
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0SE>Q!=FJ>KRFLK:IFS\!Q>=W<TLK!S><EKFPW>R

*K=>O>K=>KS!$LJOLK>KS!"K:I\RFRa!

! AK=!FK=>O>K=>KS!FKRS>:=!L?!LQSELDLK:I!<LJOLK>KSR
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0SE>Q!=FJ>KRFLK:IFS\!Q>=W<TLK!S><EKFPW>R

! "WSLf>K<L=>Q!ZFSE!K>WQ:I!K>SZLQHRa!KLKfIFK>:Q!>J;>==FKD

! .WITf=FJ>KRFLK:I!R<:IFKD!g.%3ha!

* AK=!K>Z!<LLQ=FK:S>R!RW<E!SE:S!RLJ>!=FRS:K<>R!:Q>!Q>RO><S>=!

gFK!SE>!I>:RSfRPW:Q>!R>KR>h

* 'FK=!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!SE:S!JFKFJF]>a

Inputs Inputs

...

... ...
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0SE>Q!WKRWO>QYFR>=!J>SEL=R

! "RRL<F:TLK!QWI>R

! %>KRFS\!>RTJ:TLK

* .F[SWQ>!JL=>IR

* #:\>RF:K!K>SZLQHR
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2>?>Q>K<>R!:K=!:<HKLZI>=D>J>KSR

! "<HKLZI>=D>J>KSRa

* 3>Y>Q:I!RIF=>R!;LQQLZ>=!?QLJ!+MQD!2:EK>K?XEQ>Q

* http://www.statistik.tu-dortmund.de/rahnenfuehrer.html

! 2>?>Q>K<>Ra

* ):RT>!>S!:Iba!<E:Olo!g$IWRS>QFKDa!lobn_!1$"a!lobpblh
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